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9:00-9:30 Registration/Opening 

9:30 -10:30 Plenary - Diane Maclagan: Computational algebra in tropical geometry 

10:30-11:00 Coffee 

11:00-11:30 Room 1 - M. Bender, L. Buse, C. Checa, E. Tsigaridas: Multigraded 

Castelnuovo-Mumford regularity and Gröbner bases 
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applied to semi-supervised learning 

11:30-12:00 Room 1 - I. García-Marco, P. Gimenez, M. González-Sánchez: Betti 

numbers of projective and affine monomial curves 

Room 2 - E. Álvarez-González: Demostración de Fórmulas de Ajuste 

basadas en el Algoritmo Más Cercano 
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and determinants of complexes 

Room 2 - E. Camacho-Aguilar, F. Castro-Jiménez, F. García-Cortés: 
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12:30-13:00 Room 1 - H. Lombardi: Some classical results in Algebra needing one or 

several constructive versions 

Room 2 - Y. Mukhina, G. Pogudin: Support of the Minimal Polynomial in 

the Differential Dynamical System 

13:00-15:00  Lunch  

15:00-16:00 Plenary - Martin Avendaño: The DME cryptosystem 
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• C. Checa, L. Busé:  Toric Sylvester forms

• Luengo, M. Avendaño, P. Coscojuela: DME(−)-sign: a new DME cryptosystem
for signatures
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• J. Rodríguez: Inflection points of algebraic surfaces, a modern approach to the
work of George Salmon.

• D. Rojas, L. Hernández: Analysis of the crystals-kyber implementation

17:00-17:30 Room 1 - S. Pérez-Díaz: Generalized asymptotes of parametric curves 

Room 2 - A. Fidalgo-Díaz, U. Martínez-Peñas: Distributed matrix 

multiplication over small fields with straggler tolerance 

17:30-18:00 Room 1 - L. Busé, P. González-Mazón: Construction of birational trilinear 

volumes via tensor rank criteria 

Room 2 - U. Martínez-Peñas, R. Rodríguez-Ballesteros: Hamming 

Weight Distributions of Codes that are Linear over a Subfield 

18:00-18:30 Room 1 - R. Iglesias, M. Orth, E. Sáenz-de-Cabezón: Algorithms on 

Janet-like bases 

Room 2 - I. Blanco-Chacón, R. Durán-Díaz, R. M. Sánchez-Ledesma: 

Overview and extension of root-based attacks against PLWE instances 

18:30-19:00 Room 1 - A. Fernandez-Boix, D. Gómez-Ramírez: Frobenius algebras of 

rings of prime characteristic: a quick tour 

Room 2 - D. Ruano, R. San-José: About the hulls of projective Reed-

Muller codes 
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9:00-10:00 Plenary - Anton Leykin: Inexact methods in nonlinear algebra 

10:00-10:30 Room 1 - J. A. Delgado, A. Romero, J. Rubio, F. Sergeraert: Upper 

bounds for the homology of K(Z,n) and K(Z/mZ,n) 

Room 2 - T. Recio, M.P. Vélez: A real mechanical geometer 

10:30-11:00 Coffee 

11:00-11:30 Room 1 - D. Senovilla: Bases de Saito para una curva con un par de 

Puiseux 

Room 2 - F. Botana, T. Recio, M. P.  Vélez: GeoGebra Discovery and 

ChatGPT 

11:30-12:00 Room 1 - E. Pérez Callejo: Exploring the dicritical configurations of 

extended planar foliations 

Room 2 - T. del Río: Using Explainable AI to Extract Insights on 

Algebraic Procedures: a case study on variable ordering for CAD 

12:00-12:30 Room 1 - M. González-Regadera, M. D. Frau, R. Falcón: Hadamard 

quasigroup products preserving the Latin square condition 
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Room 2 - V. Álvarez-Aparicio, M. T.  Rivas-Rodríguez, L. J. Hernández-

Paricio: Algorithms and groupoids for the combinatorial classification of 

complex polynomials 

12:30-13:00 Room 1 - F. Mohammadi, O. Clarke, G. Masiero: Defining Equations of 

Point Configurations 

Room 2 - A. Pereira-Albert, T. Recio, M.P. Vélez: Dealing with non-

principal locus in automated reasoning in geometry 

13:00-15:00  Lunch 

15:00-16:00 Plenary - Lalo González-Vega: Closed-Form Formulae for the 

Conics/Quadrics Interference Problem through Quantifier Elimination 

16:00-16:30 Coffee 

17:00- 20:00 Social program - Visit to the Royal Site of San Lorenzo de El Escorial: 

Historical Royal Library and other areas  

21:00-..    Social dinner - Restaurante La Rueda 

Wednesday, June 26 

9:30 -10:30 Plenary - Alessandra Bernardi: An Algorithmic Approach to Cactus 

Rank and Its Implications for Complexity Theory 

10:30-11:00 Coffee 

11:00-11:30 Room 1 - J. I. García, A. Vigneron, R. Tapia: Over the quotient of C-

semigroups 

Room 2 - R. E. Mira-García, A. Díaz-Cano: A new criterion for the 

positivity of symmetric polynomials of degree 6 

11:30-12:00 Room 1 - F. Mohammadi, E. Liwski: Paving Matroids: Defining Equations 

and a Decomposition of Associated Matroid and Circuit Varieties 

Room 2 - I. García-Marco, I. Márquez-Corbella, D. Seco: On the number 

of Toeplitz factors of a matrix 

12:00-12:30 Room 1 - B. Guerville-Ballé, J. Viu-Sos: A combinatorial approach to 

moduli spaces of line arrangements 

Room 2 - S. Asensio, I. García-Marco, K. Knauer: On the sensitivity of 

trilean functions 

12:30-13:00 Room 1 - F. Oviaño-García, R. Campoamor-Stursberg: Enfoque 

computacional en el estudio de la rigidez de algebras de Lie reales 

resolubles de rango uno  

Room 2 - E. Briand, M. Rosas, L. Esquivias, A. Gutiérrez, A. Lillo: 

Determinant of the distance matrix of a tree 

13:00-13:15 Closing 
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THE DME CRYPTOSYSTEM

MARTÍN AVENDAÑO

Abstract. The current and accelerated progress in quantum computing suggests that a
real implementation of Shor’s algorithm is very close to being achieved. This algorithm
is capable of breaking the standard public-key cryptosystems based on factorization of
integers and discrete logartihms. For this reason, a call for new quantum resistant public-
key cryptosystems was launched by the american agency NIST. The goal of this talk is to
present the DME cryptosytem, developed by Ignacio Luengo, that was submitted to the
NIST competition. This cryptosystem can be used for encryption/decryption, signatures
and KEM (key encapsulation). While standard public-key cryptography depends on the
difficulty of factoring integers, the security of the DME cryptosystem is based on the
difficulty of decomposing a composition of invertible polynomial maps over finite fields.

Universidad Complutense, Madrid, Spain
Email address: mavend01@ucm.es
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AN ALGORITHMIC APPROACH TO CACTUS RANK AND ITS
IMPLICATIONS FOR COMPLEXITY THEORY

ALESSANDRA BERNARDI

Abstract. In this talk, I will present recent advancements in the computation of gener-
alized additive decompositions of polynomials and their connection to cactus rank. I will
highlight the significance of developing efficient algorithms for computing cactus rank,
showing its relevance through connections to matrix multiplication in complexity theory.

University of Trento, Italy
Email address: alessandra.bernardi@unitn.it
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INEXACT METHODS IN NONLINEAR ALGEBRA

ANTON LEYKIN

Abstract. The classical framework of computational algebraic geometry is founded on
Gröbner bases, resultants, and other symbolic constructions and algorithms which are
typically executed in exact arithmetic. The output from an exact algebraic computation
is generally assured to be correct.

Numerical algebraic geometry, in contrast, employs randomization and iterative meth-
ods of numerical analysis implemented in floating-point arithmetic. The correctness of the
results obtained by such numerical algorithms can’t be guaranteed automatically.

We will discuss several applications for which being correct every time is not an absolute
necessity and, on the other hand, highlight several scenarios where formal verification of
inexact results can be accomplished.

The work (joint with Christian, Duff, and Mancini) on initial orbit determination from
line-of-sight measurements, a classical problem in astrodynamics, will serve as an illustra-
tion of a real-world application.

The second major illustration will come from the work (joint with Burr and Lee) on
isolating clusters of zeros of analytic systems of equations using inflation, which develops
a methodology to rigorously certify solutions to near-singular systems.

Georgia Institute of Technology, USA
Email address: leykin@math.gatech.edu

1

ix



CLOSED-FORM FORMULAE FOR THE CONICS/QUADRICS
INTERFERENCE PROBLEM THROUGH QUANTIFIER ELIMINATION

LAUREANO GONZÁLEZ VEGA

Abstract. The problem of detecting when two moving conics/quadrics overlap is of
interest to robotics, CAD/CAM, computational physics, computer animation, computer
vision, ... where conics/quadrics are often used for modelling and/or enclosing the shape
of the (more complex) objects under consideration. Since the sign of the real roots of
the characteristic polynomial of the pencil defined by the two considered conics/quadrics
determine when they overlap, are separate, or touch each other externally, searching closed-
form formulae in the coefficients of the equations defining the considered conics/quadrics
characterising when they do not share an interior common point, is a quantifier elimination
problem over the reals. We will show how to solve symbolically this quantifier elimination
problem (by using only subresultants and Descartes Rule of Signs), what is the current
state of the art when looking for the best (those involving a smaller set of polynomials
and/or less sign conditions) formulae dealing with this problem and how this solution can
be used to solve the moving conics/quadrics problem before mentioned.

CUNEF, Madrid, Spain
Email address: laureano.gonzalez@cunef.edu
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COMPUTATIONAL ALGEBRA IN TROPICAL GEOMETRY

DIANE MACLAGAN

Abstract. Tropical geometry is a combinatorial shadow of algebraic geometry, in which
varieties are replaced by their image under a valuation. In this talk I will give brief
introductions to three different computational problems arising in tropical geometry. The
first two involve computing tropical varieties: computing Groebner bases with valuations
and the resulting polyhedral computations, while the third arises through the connection
of matroids to tropical geometry.

Univ. Warwick, UK
Email address: D.Maclagan@warwick.ac.uk
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ALGORITHMS FOR THE COMBINATORIAL CLASSIFICATION OF
COMPLEX POLYNOMIALS

V. ÁLVAREZ-APARICIO, L.J. HERNÁNDEZ-PARICIO, AND M.T. RIVAS-RODRÍGUEZ

Abstract. The classification of different families of polynomials is already a classical
problem that has been addressed in the literature by many different approaches. Many
different combinatorial models and algebraic constructions have been considered for the
sake of classification of polynomial maps. In this work, we will use the language of Category
Theory and groupoids to give a combinatorial classification of complex polynomials with
its critical values contained in a fixed finite set V .

In particular, we will say that two polynomials P and Q are equivalent if there is
an affine transformation of the complex plane h such that P = Qh. The combinatorial
classification will be achieved in terms of groupoid equivalence between the groupoid of
complex polynomials of degree n with its critical values contained in V , and a certain finite
groupoid of tuples of permutations of the symmetric group Sn satisfying some restrictions,
called constellations. The fact that the latter is a finite groupoid allows us to design and
implement algorithms of algebraic nature that can classify and compute different algebraic
invariants associated with complex polynomials. In particular, some computations and a
complete classification table will be presented for low-degree polynomials with at most 3
critical values, a classical example known in the literature as Shabat polynomials.

Introduction

Let P : Ĉ→ Ĉ, where Ĉ = C∪{∞} denotes the augmented complex plane, be the analytic
map induced by a polynomial of deg(P ) ≥ 2. Associated to P , one has the set of critical
points of P , C(P ) = {c | P ′(c) = 0} ∪ {∞}, where P ′ denotes the derivative of P , and
the set of critical values of P , V (P ) = {P (c) | c ∈ C(P )}. It is well-known that the map
P |Ĉ\P−1(V (P )) : Ĉ\P−1(V (P ))→ Ĉ\V (P ) is a covering map with connected covering space.

Moreover, the map P : Ĉ→ Ĉ can be obtained either as the Freudenthal’s compactification
([4]) or as the Fox’s completion ([3]) of the map P |Ĉ\P−1(V (P )).

Any non-critical value b0 induces a canonical action (called monodromy action) over the
permutation group of the fiber of b0, π → Aut(P−1(b0)), where π denotes the fundamental
group of (Ĉ \ V (P ), b0). Considering a family of loops based on b0 around each qi ∈ V (P ),
one can construct a canonical set of generators of the free group π and the action that each
loop induces over Aut(P−1(b0)).

Given two non-constant complex polynomials P (z), Q(z) we will say that P is equivalent
to Q (or equivalent as branched coverings) if there are a, b ∈ C such that a ̸= 0 and

The authors have been partially supported by the project PID2020-118753GB-I00 of the Spanish Minis-
terio de Ciencia e Innovación and the University of La Rioja REGI22/63.

The talk at the meeting EACA 2024 has been given by V. Álvarez-Aparicio.
1
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2 V. ÁLVAREZ-APARICIO, L.J. HERNÁNDEZ-PARICIO, AND M.T. RIVAS-RODRÍGUEZ

P (z) = Q(az+b); that is, if there exists an affine transformation h given by h(z) = az+b such
that P = Qh. Regarding this notion of equivalence, different terminologies as topological
equivalence or Arnold equivalence can be found in the literature.

The classification of non-constant polynomials with critical values contained in a given
finite set V ⊂ Ĉ under different notions of equivalence has been widely studied by many
researchers, for example, for the particular case with three critical values V = {q1, q2,∞},
the so-called generalized Chebyshev polynomials, or Shabat polynomials, are obtained. For
studies and classification of Shabat polynomials we refer the reader to [5], [6].

The aim of this work is to study this notion of monodromy in order to provide a combina-
torial classification of non-constant polynomials, modulo equivalence, in terms of groupoids.
Thereby, our main results are expressed with the terminology of groupoids and groupoid
equivalences. In particular, we shall construct functors between certain groupoids of non-
constant polynomials and some finite groupoids of combinatorial nature in order to prove
the equivalence of their respective isomorphism classes (that is, in order to give a classifica-
tion modulo equivalence). Moreover, these functors also provide an isomorphism between
the automorphism group of a non-constant polynomial and the automorphism group of its
associated combinatorial object in a finite grupoid. Benefitting from the finiteness of these
combinatorial groupoids we are able to use the presented theory to explicit the consid-
ered classification for non-constant complex polynomials of low degree and to provide some
examples.

1. Classification and equivalence of groupoids

For each n ∈ N, n ≥ 1, we define the groupoid BPoln that has as objects non-constant
polynomial maps P : Ĉ → Ĉ of degree n. Given P : Ĉ → Ĉ, Q : Ĉ → Ĉ, a morphism in
BPoln is an affine map u : Ĉ→ Ĉ, u(z) = az + b, a ̸= 0, such that the following diagram is
commutative:

Ĉ

P ��

u // Ĉ

Q��
Ĉ

Fixing a finite set of points V ⊂ Ĉ such that ∞ ∈ V , we can consider the set of non-
constant polynomials P of degree n such that V (P ) ⊂ V , giving rise to the corresponding
sub-groupoid of BPoln:

BPoln(⊂ V ).

Furthermore, if we consider the set of polynomials P of degree n such that V (P ) = V ,
we have the following sub-groupoid:

BPoln(V ).

2



ALGORITHMS FOR THE COMBINATORIAL CLASSIFICATION OF COMPLEX POLYNOMIALS 3

From now on, we will denote by Sn the symmetric group of n elements; that is, the group
of permutations of the canonical finite set {1, 2, . . . , n}. Also, we will write the product
of permutations from left to right, and the image of a permutation σ ∈ Sn in a point
j ∈ {1, 2, . . . , n} will be denoted by (j)σ.

We also consider the groupoid PRc
n(K) that has as objects permutation representations

of a fixed group K; that is, a group homomorphism α : K → Sn. Given two permutation
representations α : K → Sn, β : K → Sn, a morphism from α to β is given by a bijection
φ : {1, 2, . . . , n} → {1, 2, . . . , n} such that the following diagram is commutative:

K

id
��

α // Sn

��
(·)φ
��

K
β // Sn

where σφ = φ−1σφ, with σ ∈ Sn. Note that the product is expressed from left to right.
A permutation representation α : K → Sn is said to be transitive if given a, a′ ∈ {1, 2, . . . , n},

then there is g ∈ K such that (a)α(g) = a′. Note that, given α : K → Sn, β : K → Sn, if α
is isomorphic to β and α is transitive, then β is also transitive. Denote the corresponding
full sub-groupoid of transitive permutation representations by

TPRc
n(K).

Finally, we consider the following notion: We say that a constellation is a v-tuple of
permutations λ = (λ1, · · · , λv) ∈ Svn such that λ1 · · ·λv = 1 and such that the subgroup of
Sn generated by λ1, · · · , λv is transitive. For n, v ∈ N, we denote the set of constellations
composed of v permutations by Constn(≤ v), or by Constn(v) when every permutation is
non-trivial. We also define the following subsets:

Constcn(≤ v) = {(λ1, . . . , λv) ∈ Constn(≤ v)|λv = (1, 2, . . . , n),
v−1∑

i=1

δ(λi) = n− 1},

Constcn(v) = {(λ1, . . . , λv) ∈ Constcn(≤ v)|δ(λi) > 0, i ∈ {1, . . . , v − 1}},
where (1, 2, . . . , n) denotes the canonical n-cycle and δ(λi) = n − ri, where ri denotes the
number of distinct cycles in the k-cycle decomposition (for k > 1) of λi.

Both sets give rise to the groupoids Constcn(≤ v), Constcn(v) whose objects are the el-
ements of the sets Constcn(≤ v), Constcn(v) respectively, and a morphism from (λ1, . . . , λv)
to (λ′1, . . . , λ

′
v) is given by a permutation φ ∈ Sn such that φλ′i = λiφ for each i ∈ {1, · · · , v}.

Then, the following classification result holds (for all the details, see [1]):

Theorem 1.1. Suppose that n > 0, and consider V = {q1, . . . , qv−1, qv} ⊂ Ĉ such that
qv =∞, v = |V | > 0. Then, we have that

(i) The functor neb : BPoln(⊂ V )
ϕ−→ TPRc

n(K)
ψ−→ Constcn(≤ v) is an equivalence of

groupoids,
(ii) The functor neb : BPoln(V )

ϕ−→ TPRc
n(K)

ψ−→ Constcn(v) is an equivalence of
groupoids,

3



4 V. ÁLVAREZ-APARICIO, L.J. HERNÁNDEZ-PARICIO, AND M.T. RIVAS-RODRÍGUEZ

where
K = π1(Ĉ \ V, b0) ∼= ⟨ω̄1, . . . , ω̄v−1, ω̄v|ω̄1 · · · ω̄v−1ω̄v = 1⟩,

denotes the fundamental group of Ĉ \ V , where ϕ(P ) := (λ1(P ), . . . , λv(P )), and λi(P ) :=

λ(P )(ω̄i)(j) = (ω̃
(j)θ−1

P
i (1))θP where ω̃(j)θ−1

P
i is the unique lift of ωi starting at (j)θ−1

P and
j ∈ {1, . . . , n}, and where, if ϵ : K → Sn is a transitive permutation representation, ψ(ϵ) =
(ϵ(ω̄1), . . . , ϵ(ω̄v−1), ϵ(ω̄v)).

2. Combinatorial algorithms and Shabat polynomials

Following the previous construction, we can implement algorithms able to compute the
constellation that the equivalence of groupoids neb associates to a polynomial P . Since
the groupoids Constcn(≤ v) and Constcn(v) are finite, we can compute a combinatorial
classification table for constellations (and thereby, for polynomials), as it can be seen in [1],
at least for low values of n and v. A classical example often addressed in the literature is that
of v = 3; that is, the classification of polynomials with at most 3 critical values (including the
infinity point); the so-called Shabat polynomials. Regarding the study and classification of
Shabat polynomials, we can consider combinatorial algorithms based on from the presented
theory in order to compute the different equivalence classes for reasonable values of n. For
instance, the number of different equivalence classes of Shabat polynomials of degree n, for
n = 1, . . . , 10, has been computed: 1, 2, 3, 6, 10, 28, 63, 190, 546, 1708.

Using these techniques and algorithms, one can also compute the automorphism group
of a polynomial P , and derive some of the topological properties of P as a branched cover
of the Riemann sphere, such as its regularity.

Moreover, this approach and the algorithms that allow us to compute the classification
table can be adapted to different contexts in which they might be of use. For example, a
root-finding algorithm based on the lifting of paths on the Riemann sphere can be imple-
mented for an arbitrary polynomial (or even rational) equation. Different algebraic invari-
ants of a polynomial map (such as its monodromy action, monodromy group, or group of
automorphisms) can be also obtained and visualized with the implemented methods.

These methods and algorithms have been implemented in Julia Language, and can be
found in the GitHub repository PathLifting.jl [2].
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PROOFS OF APPROXIMATION FORMULAS BASED ON THE

CLOSEST TREE ALGORITHM

ERNESTO ÁLVAREZ GONZÁLEZ

Abstract. In the early ninetees, Hendy and Penny (1993) developed the two-state closest
tree algorithm for estimating the optimal branch lenghts of a phylogentic tree, whose
parameters correspond to the Cavender's model of molecular evolution. This procedure
also helps to determine the true topology of the phylogenetic tree giving rise to related
current species. On the other hand, Steel et al. (1992) developed the four-state version of
the closest tree algorithm. In both cases, the authors provide formulas of approximation
(whithout proofs) for computing the optimal values of tree branch lenghts. Throughout
this manuscript, we contribute with proofs for these formulas.

Introduction

This manuscript recovers the elements and concepts dealing with two-state DNA entities
as in Hendy and Penny (1993)[1], or dealing with four DNA entities as in Steel et al.
(1992)[2], in order to reconstruct the ancestral relations among a set of current species.
For any given phylogenetic tree, they explain how to assign a lenght to the tree branches.
In both versions, they stick out the operation called Hadamard conjugation that lets get
external information (relative frequencies of DNA entities on the leafs) from internal data
(branch lenghts) and viceversa. Going from external information to internal data is for what
authors provide (without proofs) approximation formulas.

1. Approximation formula for the Cavender's model

This section is based in the article of Hendy and Penny (1993)[1].
For a given phylogenetic tree, T, with n leaves in N = {1, 2, . . . , n}, we de�ne subsets

Sj (called bipartitions) of N ′ = N \ {n} (0 ≤ j ≤ 2n−1), in agreement to the binary

decomposition of index j: if 2k belongs to that decomposition, then k + 1 ∈ Sj . We use
E(T ) to represent the set of branches in T .

A 2n−1-dimensional vector of real numbers, ~x = (x0, x1, x2, . . . x2n−1), such that xi refers
to the i-th bipartition of N , is called an spectrum. A tree spectrum is a 2n−1-dimensional
vector of real numbers that encodes the phylogenetic tree: if ei is a branch of T , then xi > 0;
if ej is not present in T , then xj = 0; x0 = −∑ei∈E(T ) xi. A square matrix of orthogonal

rows, symmetric and invertible, is called a Hadamard matrix. We identify these matrices
with letter H.

Proposition 1.1. Let ρ = H~s, where ~s is the observed spectrum. To each branch ei of T
we associate the probability pi that the states at its ends di�er. Let qi = −1

2 ln(1− 2pi). Let
~q be the tree spectrum associated with T . Then ρ = exp(H~q).

The �rst author has been partially supported by University Complutense of Madrid.
1
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2 ERNESTO ÁLVAREZ GONZÁLEZ

Corollary 1.2. Suppose that the probabilities pi govern the generation of two-state sequences
of length c for leaves in T , then ~s = H−1ρ = H−1(exp(H~q)), where the exponential function
is applied term by term on the vector H~q.

The operation H−1 expH is known as Hadamard-exponential conjugation . The inverse
operation, H−1 lnH, when can be applied to the observed spectrum ~s (where the logarithm
function is applied term to term to the vector H~s), is called Hadamard-log conjugation. The
vector (H−1 lnH)~s is also known as the conjugate spectrum.

De�nition 1.3. For a phylogenetic tree T , its spectral set, W (T ), is the set of all possible
tree spectra of T , that is, all vectors ~w whose positive entries match to branches of T , zeroes
indicate no branches in T , and whose �rst coordinate is negative. The spectral space,W (N),
is the union of all the spectral sets associated with all possible phylogenetic trees based on
the set of leaves N .

W (N) is a subset of the hyperplane W = {w|∑m−1
i=0 wi = 0} ⊂ Rm, with m = 2n−1.

A point γ ∈ W belongs to W (N) if and only if γi ≥ 0 for all i > 0 and if for every
pair of indices i, j taken from N , with γi, γj > 0, bipartitions Si and Sj are compatible
(Si ∩ Sj ∈ {∅, Si, Sj}). Given a point γ ∈W , we wish to �nd a point in W (N) closest to γ.

The selection of the closest tree (T, ~w) with ~w ∈W (T ) is closest to γ, using the Euclidean
metric.

Proposition 1.4. (Approximation formula) Let γ ∈ W and let T be a phylogenetic tree
with n branches e ∈ E(T ) = E. Let γT = 1

n+1(γ0 +
∑

ei∈E γi). The point closest to γ in the

spectral space of T is w =W (T ), where wi = γi − γT for all ei ∈ E (provided γi > γT ).

Proof. Let γ′ ∈W (T ). We wish to minimize

‖γ′ − γ‖2 =
∑

ei∈E
(γ′i − γi)2 +

∑

ei 6∈E
(−γi)2 + (−

∑

ei∈E
γ′i − γ0)2 =

2
∑

ei∈E
(γ′i)

2 +
∑

ei∈E
(γi)

2 +
∑

ei 6∈E
i>0

(γi)
2+

−2
∑

ei∈E
γ′iγi + 2

∑

ei,ej∈E
i 6=j

γ′iγ
′
j + 2γ0

∑

ei∈E
γ′i + (γ0)

2.

The system

(1) (∂‖γ′ − γ‖2/∂γ′i = 2γ′i +
∑

j 6=i
γ′j + γ0 − γi = 0)ei∈E

is linear in the parameters.
�

6
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2. Approximation formula for the Kimura's 3 parameter model

Let K = Z2 × Z2 be the Klein group. We denote the nucleotides as A = (0, 0), G =
(0, 1), C = (1, 0), T = (1, 1). A sequence of nucleotides at the n leaves L of T is a pair
θ = (σ1, σ2) of subsets of N = {1, 2, . . . n such that, if π1 and π2 are the projections of
σ1 and σ2 on their �rst and second coordinates, respectively, then σ1 = {k ∈ L, k 6= R :
π1(χ(k) + χ(R)) = 1} and σ2 = {k ∈ L, k 6= R : π2(χ(k) + χ(R)) = 1}. Given an m-
tuple associated with an alignment of size n, xθ is the proportion of sequences of L in
correspondence with θ. By sorting the pairs θ, the proportions xθ's form a vector x of 4n−1

non-negative entries that sum to 1.
Let H ′ = ((−1)|σ

⋂
σ′|) be the 2n−1 × 2n−1 matrix, where σ, σ′ ⊂ L. We compute

the kronecker product H = H ′ ⊗ H ′. Both H ′ and H are Hadamard matrices. Given

y ∈ R+k (respectively y ∈ Rk), we de�ne log(y) (respectively exp(y)) as the vector whose i-
th coordinate is log(yi) (respectively exp(yi)) for i ∈ {1, 2, . . . k}. If (Hx)i > 0 ∀ i, we de�ne
γ(x) = H−1(log(Hxt)), where super indix t means transposition. We call γ(x) = (γθ(x))
the conjugate spectrum.

Let fθ be the probability of observing at each site of the alignment the sequence of
nucleotides θ. We calculate fθ according to the Kimura's 3-parameter model. The state
changes are classi�ed in three ways: transitions (A ↔ G, T ↔ C), type I transversions
(C ↔ G, T ↔ A) and type II ( A↔ C, T ↔ G).

Let ρ be a branch of T . The expected values of transitions, type I transversions, and type
II transversions are denoted by E2

ρ , E
3
ρ , E

1
ρ , respectively. Let's set C(T ) = {(0, 0)} ∪ {ρ(i) :

ρ ∈ T, i = 1, 2, 3}, where ρ1 = (ρ, ∅), ρ2 = (∅, ρ), ρ3 = (ρ, ρ). Let γρ = γρ(x) and take
γT =

∑
θ∈C(T ) γθ.

Theorem 2.1. Given a distribution f = f(T, P ) for the sequences on the leaves of T , whose
molecular evolution model is Kimura's 3 parameter, we have the following:

γθ(f) =





0, if θ 6∈ C(T ),
Eiρ, if θ = ρ(i), ρ ∈ T ,
−∑ρ∈T j ·Eρ, if θ = (∅, ∅).

If xθ is the relative frequency of θ over observed sequences, we can propose (xθ) as an
estimate of f(T ′) with T ′ unknown. For each tree topology T , we can search the Kimura's
3 parameters by minimizing the Euclidean distance D(T,x) = ‖γ(x)− γ(f(T ))‖. A closest
tree for x is a tree T that minimizes D(T,x).

Corollary 2.2. (Approximation formula)
For all phylogenetic tree T , the values for Eiρ minimizing D(T,x) are given by

(2) Eiρ = γρ(i) −
1

c
γT ,

with c = 3|T |+ 1.

Proof. We wish to minimize

7



4 ERNESTO ÁLVAREZ GONZÁLEZ

‖D(T, x)‖2 =
‖γ(x)− γ(f(T, P ))‖2 =

∑

(σ1,σ2)

{[H−1(log(Hxt))](σ1,σ2) − γ(σ1,σ2)(f)}2 =

∑

(∅,σ)
[H−1(log(Hxt))(∅,σ) − E2

(∅,σ)]
2 +

∑

(σ,∅)
[H−1(log(Hxt))(σ,∅) − E1

(σ,∅)]
2+

∑

(σ,σ)

[H−1(log(Hxt))(σ,σ) − E3
(σ,σ)]

2 + [H−1(log(Hxt))(∅,∅) − γ(∅,∅)(f)]2+

∑

(σ,σ′)/∈C(T )
[H−1(log(Hxt))(σ,σ′)]

2 =

∑

(∅,σ)
{[H−1(log(Hxt))]2(∅,σ) − 2[H−1(log(Hxt))](∅,σ)E

2
(∅,σ) + [E2

(∅,σ)]
2}+

∑

(σ,∅)
{[H−1(log(Hxt))]2(σ,∅) − 2[H−1(log(Hxt))](σ,∅)E

1
(σ,∅) + [E1

(σ,∅)]
2}+

∑

(σ,σ)

{[H−1(log(Hxt))]2(σ,σ) − 2[H−1(log(Hxt))](σ,σ)E
3
(σ,σ) + [E3

(σ,σ)]
2}+

[H−1(log(Hxt))]2(∅,∅) − 2[H−1(log(Hxt))](∅,∅)γ(∅,∅)(f) + [γ(∅,∅)(f)]
2+

∑

(σ,σ′)/∈C(T )
[H−1(log(Hxt))]2(σ,σ′).

Let's calculate the critical points of the function ‖D(T, x)‖2, partially di�erentiating with

respect to each of the variables Eρ(j) (ρ(j) ∈ C(T ), j ∈ {1, 2, 3}) and equal to zero. This
leads to the system of linear equations

(∂‖D(T, x)‖2/∂Ej
ρ(j)

= −2[H−1(log(Hxt))]ρ(j) + 2Ej
ρ(j)

+ 2[H−1(log(Hxt))]∅,∅

+2Ej
ρ(j)

+ 2
∑

ρ′(j) 6=ρ(j)
Ej
ρ′(j)

+ 2
∑

ρ′(i)
i 6=j

Ei
ρ′(i)

+ 2
∑

ρ′(k)
k 6=j

Ek
ρ′(k)

= 0)
ρ(j)∈C(T )

j∈{1,2,3}
,

where {i, j, k} = {1, 2, 3}.
�
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ON THE SENSITIVITY OF TRILEAN FUNCTIONS

SARA ASENSIO, IGNACIO GARCÍA-MARCO, AND KOLJA KNAUER

Abstract. The study of the relations between different complexity measures of boolean
functions led Nisan and Szegedy to state the sensitivity conjecture in 1994. This problem
remained unsolved until 2019, when Huang proved the conjecture by means of an equiva-
lent reformulation of the problem in graph theory. We wonder if the same type of results
hold for functions defined on finite alphabets of cardinality greater than two. This work
concerns functions over an alphabet with three symbols, which we call trilean functions.
In this context we follow the steps of Nisan and Szegedy and extend most of the results for
boolean functions. Also, we find an equivalent reformulation in graph theoretical terms of
the trilean version of the sensitivity conjecture.

Introduction

One can measure how complex a given boolean function f : {0, 1}n → {0, 1} is in many
ways, and these different conceptions give rise to different complexity measures such as:
the degree, the sensitivity, the block sensitivity, the decision tree complexity... In 1994, it
was already known that all these complexity measures were polynomially related except
the sensitivity. This led Nisan and Szegedy to the statement of the sensitivity conjecture
[5], which claimed that the sensitivity was also polynomially related to the other measures.
This conjecture was proved almost 30 years later by Huang [4], and his proof relies on
an equivalence theorem due to Gotsman and Linial [3] which translated the sensitivity
conjecture to an equivalent problem in graph theory. An extended summary of this story
can be found in [1].

After this study, it is natural to ask whether there is a similar situation with functions
f : Tn → T , where T is a finite set of cardinality m > 2. Our work focuses on the case m = 3
and its corresponding functions, which we call trilean functions. For technical reasons, our
set T will be the set {1, ε, ε2} where ε is a primitive cubic root of unity.

This abstract is divided in four sections. In the first one, we define two complexity
measures of a trilean function f , namely the sensitivity s(f) and the degree deg(f). In
Proposition 1.4 we provide a quadratic upper bound for the sensitivity in terms of the degree.
This was also known for boolean functions before 1994. Again, the most difficult question
seems to be the construction of a polynomial bound in the other direction. In the second
section we prove in Theorem 2.2 that providing an upper bound for the degree in terms of
the sensitivity is equivalent to a graph theoretical problem that can be entirely stated in
terms of a generalization of the n-dimensional hypercube. In the third section, by means of

All the authors have been partially supported by the Spanish MICINN through grant PID2022-137283NB-
C22, and also by the “European Union NextGenerationEU/PRTR” through grant TED2021-130358B-I00 in
the case of the first author.

The talk at the meeting EACA 2024 has been given by the first author.
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2 SARA ASENSIO, IGNACIO GARCÍA-MARCO, AND KOLJA KNAUER

Theorem 2.2 we show that there are trilean functions such that s(f) <
√

2 deg(f) + 1. We
conclude with a future work section.

1. Two complexity measures and the first relation between them

First of all, let’s define two complexity measures of trilean functions which generalize those
of boolean functions. The first one is the degree, whose definition relies on the following
result:

Proposition 1.1. Let f : {1, ε, ε2}n → {1, ε, ε2} be a trilean function. Then, there is a
unique polynomial F ∈ C[x1, . . . , xn] of degree at most 2 in each variable that represents f
(i.e., F (x) = f(x) at every x ∈ {1, ε, ε2}n).

Definition 1.2. The degree of a trilean function f : {1, ε, ε2}n → {1, ε, ε2} is the degree of
the unique polynomial of degree at most 2 in each variable that represents f .

The second complexity measure of trilean functions we are considering is the sensitivity.

Definition 1.3. The local sensitivity of a trilean function f at x ∈ {1, ε, ε2}n, sx(f), is the
number of elements y ∈ {1, ε, ε2}n which differ from x in exactly one entry and f(x) ̸= f(y).

The sensitivity of f is s(f) = maxx∈{1,ε,ε2}n{sx(f)}.

We have the following polynomial upper bound for the sensitivity of a trilean function in
terms of its degree:

Proposition 1.4. For every trilean function f : {1, ε, ε2}n → {1, ε, ε2}, s(f) ≤ 64 deg(f)2.

2. The equivalence theorem

The proof of the sensitivity conjecture for boolean functions would not have been possible
without the equivalence theorem by Gotsman and Linial [3], which stated that solving the
sensitivity conjecture was equivalent to solving a combinatorial problem in graph theory.
That problem consisted on finding a polynomial lower bound on n for the maximum between
the maximum degree of every induced subgraph of the n-dimensional hypercube with not
exactly half of its vertices and the maximum degree of its complementary.

We have obtained an equivalence theorem in the trilean case, which is somehow more
involved than the boolean one. Before presenting its statement, we need to introduce some
definitions and notation.

In the case of boolean functions, the set {0, 1}n where they are defined can be seen as
the vertex set of the n-dimensional hypercube Qn. In the context of trilean functions, a
natural generalization is the graph G whose vertex set is {1, ε, ε2}n and where two vertices
are adjacent if and only if they differ in exactly one of their entries. This graph can be
described in terms of the cartesian product of graphs:

Definition 2.1. Given two graphs G and H, its cartesian product G2H is the graph with
vertex set V (G)× V (H) and whose edges are the pairs {(u, v), (u′, v′)} such that

• u = u′ and {v, v′} is an edge of H, or
• v = v′ and {u, u′} is an edge of G.

10
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If we denote the complete graph on three vertices (the triangle graph) by ∆, then the

generalization of the n-dimensional hypercube in the above sense is the graph ∆2
n)· · · 2∆ =

∆2n. We observe that the product of the entries of every vertex provides a proper 3-coloring
of ∆2n (see Figure 1 for a 3-coloring of ∆22).

∆
2

(1, 1)

(ε, 1)

(1, ε) (1, ε2)

(ε, ε) (ε, ε2) (ε2, ε) (ε2, ε2)

(ε2, 1)

1

ε ε
2

Figure 1. A proper 3-coloring of ∆22.

We are going to denote each set of the resulting tripartition by Ci with i ∈ {1, ε, ε2}; i.e.,

Ci =



x = (x1, . . . , xn) ∈ {1, ε, ε2}n

∣∣∣∣∣∣

n∏

j=1

xj = i



 .

Furthermore, given three induced subgraphs H1, Hε, Hε2 of ∆2n whose vertex sets con-
stitute a tripartition of {1, ε, ε2}n, we define three new induced subgraphs (see Figure 2):

• H ′
1, with V (H ′

1) = (V (H1) ∩ C1) ∪ (V (Hε2) ∩ Cε) ∪ (V (Hε) ∩ Cε2).
• H ′

ε, with V (H ′
ε) = (V (Hε) ∩ C1) ∪ (V (H1) ∩ Cε) ∪ (V (Hε2) ∩ Cε2).

• H ′
ε2 , with V (H ′

ε2) = (V (Hε2) ∩ C1) ∪ (V (Hε) ∩ Cε) ∪ (V (H1) ∩ Cε2).

−→

C1

H
′

1
H1

C1

Hε

H
ε
2

Cε
C

ε
2

H
′

ε

H
′

ε
2

Cε
C

ε
2

Figure 2. The vertices of H ′
1, H

′
ε, H

′
ε2 can be visualized as a certain cyclic

rotation of the vertices of H1, Hε, Hε2 .

Theorem 2.2 (Equivalence theorem). The following are equivalent for any function h :
N→ R :

(1) For any induced subgraphs H1, Hε and Hε2 of ∆2n such that their vertex sets con-
stitute a tripartition of V (∆2n) and the corresponding H ′

1, H
′
ε and H ′

ε2 do not verify
that |V (H ′

1)| = |V (H ′
ε)| = |V (H ′

ε2)| = 3n−1,

Γ(H1, Hε, Hε2) = 2n−min{δ(H1), δ(Hε), δ(Hε2)} ≥ h(n) ,
where δ(Hi) is the minimum degree of Hi for all i ∈ {1, ε, ε2}.

(2) For any trilean function f : {1, ε, ε2}n → {1, ε, ε2}, s(f) ≥ h
(
1
2 deg(f)

)
.
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Hence, if we could prove the first statement for a polynomial function h, we would have
proved the sensitivity conjecture in the trilean case.

3. Searching for trilean functions with low sensitivity and high degree

In the case of boolean functions, Chung, Füredi, Graham and Seymour [2] proved that
there exists an induced subgraph of the n-dimensional hypercube with 2n−1 + 1 vertices
whose maximum degree is strictly smaller than

√
n+ 1. By Gotsmann-Linial’s equivalence

theorem, this resulted in the existence of boolean functions with s(f) <
√

deg(f) + 1 .
Interestingly, Huang later proved that s(f) ≥

√
deg(f) for every boolean function f .

In the trilean case, we have proved that there are three induced subgraphs H1, Hε and
Hε2 of ∆2n such that

• their vertices constitute a tripartition of {1, ε, ε2}n,
• the correspondingH ′

1, H
′
ε andH ′

ε2 do not verify that |V (H ′
1)| = |V (H ′

ε)| = |V (H ′
ε2)| =

3n−1, and
• Γ(H1, Hε, Hε2) = 2n−min{δ(H1), δ(Hε), δ(Hε2)} < 2

√
n+ 1.

This construction together with Theorem 2.2 yields the following:

Proposition 3.1. There exist trilean functions f : {1, ε, ε2}n → {1, ε, ε2} such that

s(f) <
√

2 deg(f) + 1.

4. Future work

The main open problem now is to determine whether the sensitivity conjecture is true or
not in the trilean case, which is essentially a combinatorial problem in graph theory thanks
to the equivalence theorem. Furthermore, it would be interesting to generalize all of our
results to the case of functions on finite sets of cardinality greater than three.
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MULTIGRADED CASTELNUOVO-MUMFORD REGULARITY AND
GRÖBNER BASES

MATÍAS BENDER, LAURENT BUSÉ, CARLES CHECA, AND ELIAS TSIGARIDAS

Abstract. We explore the relation between the multigraded Castelnuovo-Mumford reg-
ularity of a multihomogeneous ideal I and the multidegrees of a Gröbner basis of I with
respect to the degree reverse lexicographical monomial order in generic coordinates. We
introduce a subset of multidegrees that allows us to extend the classical criterion of Bayer
and Stillman to the multihomogeneous setting. We also show that (up to a certain shift)
the multigraded Castelnuovo-Mumford regularity bounds the multidegrees involved in the
computation of these Gröbner bases. Unlike the single graded case, this description does
not bound the multidegrees involved in the Gröbner basis computation in a tight manner.
We compare our description with some other bounding regions that have been studied in
the literature.

Let k be an infinite field and S = k[x0, . . . , xn] a standard Z-graded polynomial ring.
Consider a homogeneous polynomial ideal I ⊂ S. A widely used method to perform many
algebraic operations (eliminate variables, compute minimal free resolutions...) is to employ
Gröbner bases. This consists of fixing a monomial order on S and finding generators of the
initial ideal, i.e.

in(I) = (in(f) f ∈ I)
where the initial term in(f) is the highest term of f with respect to the monomial order. A
set of generators of I whose initial terms generate in(I) is known as a Gröbner basis and it
is minimal if its initial terms are a minimal set of generators of in(I).

As the graded structure is closely attached to the ideal I, it is common to consider the
maximal degree of the generators of in(I) as an effective measure of the complexity associated
with the algebraic operations that use Gröbner bases. In this context, the Castelnuovo-
Mumford regularity emerges as a bound for this degree.

The ideal I is called m-regular if the degrees of its j-th syzygies (Betti numbers) are
bounded above by m + j. The Castelnuovo-Mumford regularity reg(I) is the minimal m
such that I is m-regular. From the point of view of commutative algebra, this invariant also
reflects many interesting properties of I, through its relation with local cohomology modules.
As it bounds the Betti numbers, the regularity of the initial ideal bounds the degrees at
which in(I) is generated. Therefore, the maximal degree of the elements of in a minimal
Gröbner basis is bounded above by reg(in(I)). A relation between the computations made
with I and its initial ideal arises by noticing that

reg(I) ≤ reg(in(I)).

The work will be presented by Carles Checa. This project has received funding from the European
Union’s Horizon 2020 research and innovation programme under the MSC grant agreement No 860843.
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Computations in degrees higher than reg(I) might be redundant, which leads to the ques-
tion of how to avoid the calculations in these degrees. The work of Bayer and Stillman [2]
provided a very relevant answer. Namely, they showed that: i) choosing the degree reverse
lexicographical monomial order, which we will denote as DRL, can lead to lowering the
degrees involved in the computations and ii) considering a generic linear change of coor-
dinates in the ideal is also recommended. In other words, one should compute with the
generic initial ideal gin(I), instead of in(I).

Most computer algebra systems incorporate these two concepts. The algebraic expla-
nation for the answer of Bayer and Stillman follows from the fact that, under these two
assumptions, the complexity of Gröbner bases relies solely on the Castelnuovo-Mumford
regularity of I, and not of its initial ideal. Namely, under the assumption of using the DRL
monomial order and I being in generic coordinates, they proved the equalities

(1) max{degrees of the elements in a minimal Gröbner basis} = reg(gin(I)) = reg(I).

Therefore, the Castelnuovo-Mumford regularity describes tightly the complexity of comput-
ing with Gröbner bases.

Multihomogeneous polynomial systems. The polynomial systems that arise in many
applications have further structure that one might try to exploit for the better design of
algorithms and the understanding of the algebraic properties of the ideals. A first (and more
simple) case of interest are multihomogeneous polynomial systems, this is, systems where a
multidegree is prescribed in several groups of variables.

The multigraded Castelnuovo-Mumford regularity has attracted the interest of many
researchers in the last decades. However, the need of a multigraded generalization of the
Bayer and Stillman criterion that uses the multidegrees that generate the Gröbner basis has
remained an open problem. For the sake of simplicity, we will describe our results in the
bigraded case i.e., when the degrees are prescribed in two groups of variables, that we will
denote with x’s and y’s. All the discussion and results that follow extend to the multigraded
setting.

Let S = k[x0, . . . , xn, y0, . . . , ym] be (standard) Z2-graded ring with deg(xi) = (1, 0) and
deg(yj) = (0, 1) i.e. S is the coordinate ring of the product of two projective spaces Pn×Pm.
Let mx (resp. my) be the ideal generated by x0, . . . , xn (resp. y0, . . . , ym) and let b = mxmy

be the irrelevant ideal of Pn × Pm.

The computational advantages of using the DRL monomial order are maintained in this
case. However, the relative order of the variables of different bi-degrees becomes a relevant
choice to make. We choose an order of the variables in the DRL order such that:

(2) x0 < · · · < xn < y0 · · · < ym.

On the other hand, the generic linear change of coordinates that we can consider must
preserve the bigraded structure, leading to the bigeneric initial ideal bigin(I), which still
depends on the relative order of the variables of different bi-degrees.

A generalization of the Castelnuovo-Mumford regularity to the bigraded setting, which
we also denote as reg(I), was given by Maclagan and Smith in [6], by using local cohomology
modules with respect to b.
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Definition 0.1. Consider a bihomogeneous ideal I ⊂ S. The bigraded Castelnuovo-
Mumford regularity reg(I) is the subset of Z2 formed by the bi-degrees (a, b) that satisfy
H i

b(I)(a′,b′) = 0 for i ≥ 1 and for all (a′, b′) ≥ (a − λx, b − λy) where λx, λy ∈ Z≥0 satisfy
λx + λy = i − 1. Here, H i

b(I)(a′,b′) denotes the graded part of bidegree (a′, b′) of the local
cohomology of I with respect to b.

This definition preserves some of the most relevant geometric properties of the classical
Castelnuovo-Mumford regularity. The work that we summarize in this extended abstract
aims to establish a connection between this extension of the Castelnuovo-Mumford regularity
and the degrees of the minimal generators of the DRL Gröbner basis after a generic change
of coordinates that preserves the bigraded structure.

The green dots represent the bi-degrees (a, b) of the genera-
tors of I and the black dots represent the bi-degrees (a, b) of
new minimal generators of bigin(I). Moreover, we mark in
red the region reg(I) and in blue the contour of the region
reg(bigin(I)). The ideal is an adaptation of [4, Example 4.3]

Using the Hilbert function, it is possible
to establish a first link in the case that the
ideal I defines an empty scheme. However,
we can also show with an example, the dif-
ficulty of establishing a general connection
as the one in (1). Building upon ideas ap-
pearing in the works of Botbol, Chardin and
Holanda [3, 5], we can see that consider-
ing the local cohomology modules with re-
spect to the ideals generated by each group
of variables can also be very advantageous.
In this direction, we introduce a subset of
bidegrees x-reg(I) which depends solely on
the local cohomology with respect to one
group of variables.

Definition 0.2. Let I ⊂ S be a bihomogeneous ideal. We denote by x-reg(I) the region of
bi-degrees (a, b) ∈ Z2 satisfying H i

mx
(I)(a′,b′) = 0 for all i ≥ 1 and (a′, b′) ≥ (a− i+ 1, b).

With x-reg(I) as the pivot of our construction, we prove the following theorem.

Theorem 0.3. Let I ⊂ S be a bihomogeneous ideal. Then, for every (a, b) ∈ reg(I) such
that a > 0 and (a′, b′) ≥ (a+ n+ 1, b), there is no generator of bigin(I) of degree (a′, b′).

Using our results, we cannot find generators of bigin(I) whose
degrees lie in the regions x-reg(I) + (1, 0), which is marked in
brown. In the squares and (unbounded) columns in cyan, we
can guarantee that there are minimal generators of bigin(I) of
some of those bi-degrees. In purple, we marked the bounds
provided in [1, 7].

The shift by n+1 in the first component
of the bi-degrees appearing in this theorem
can be sharpened in terms of the cohomo-
logical dimension of I with respect to mx.
The structure of the proof can be divided
into four steps: first, we relate reg(I) and
x-reg(I) by using the study of the supports
of the local cohomology modules provided
by Chardin and Holanda in [5]. Secondly,
we give a criterion for describing the bide-
grees in x-reg(I) in a similar way to the clas-
sical results of Bayer and Stillman. Next, we

15



4 MATÍAS BENDER, LAURENT BUSÉ, CARLES CHECA, AND ELIAS TSIGARIDAS

show that x-reg(I) behaves well under considering the bigeneric initial ideal if we use the
order in (2), i.e.

x-reg(I) = x-reg(bigin(I)).

Finally, we show that this last result can be used to certify that there are no generators
of bigin(I) of certain bidegrees. In general, the description given by x-reg(I) will be more
accurate than the one given by reg(I) so we highlight the importance of the region we are
introducing.

The question of describing the degrees involved in the generators of bigin(I) in terms
of a bigraded extension of the Castelnuovo-Mumford regularity had already been raised by
Aramova, Crona and De Negri in [1] and by Römer in [7]. We compare our description in
terms of x-reg(I) with the one given by Römer and show that x-reg(I) can also be used to
certify the presence of generators of some bi-degrees (both things can be seen in the figures).
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OVERVIEW AND EXTENSION OF ROOT-BASED ATTACKS AGAINST
PLWE INSTANCES

IVÁN BLANCO CHACÓN, RAÚL DURÁN DÍAZ, AND RODRIGO MARTÍN SÁNCHEZ-LEDESMA

Abstract. The Polynomial Learning With Errors problem (PLWE) serves as background
for two of the four cryptosystems standardized in July 2022 by the National Institute
of Standards and Technology (NIST) to replace quantum vulnerable current primitives
like those based on RSA, finite field based Diffie-Hellman and its elliptic curve analogue.
Although PLWE is highly believed to be quantum resistant, unlike other post-quantum
proposals like multivariate and some code based ones, this fact has not yet been established.
Moreover, several vulnerabilities have been encountered for a number of specific instances.
In a search for more flexibility, it becomes fully relevant to study the robustness of PLWE
based on other polynomials, not necessarily cyclotomic. In 2015, Lauter et al. found a
good number of attacks based on different features of the roots of the polynomial. In this
work we present an overview of the approximations made against PLWE derived from
these works, along with several new attacks which refine those by Lauter exploiting a) the
size of the roots and b) the order of the trace of roots over finite extensions of the finite
field.

Introduction

Let q be a prime and let f(x) ∈ Z[x] be a monic irreducible polynomial of degree N . Let
Rq := Fq[x]/(f(x)) and choose an element s(x) ∈ Rq. A Polynomial Learning With Errors
(PLWE) sample is a pair (a(x), b(x)) ∈ R2

q where a(x) is chosen uniformly at random and
b(x) = a(x)s(x)+e(x) with the coefficients of e(x) chosen from an Rq-valued random variable
of mean 0 and small variance, typically the outcome of discretizing and reducing modulo q
the samplings of a centered Gaussian distribution. The set of all possible PLWE samples is
referred to as the PLWE distribution and the PLWE problem, in its search version, consists
in guessing, with non-negligible advantage, the element s(x) from arbitrarily many samples
of the PLWE distribution, while its decision version amounts to be able to distinguish PLWE
samples from Uniform ones.

This problem is behind a good number of proposals presented to the NIST competition
for standardization of quantum resistant primitives and it is present, in various versions,
in several subroutines of three out of the four candidates chosen in July 2022 for KEM
and DSA. The PLWE problem as well as its germane problem Ring Learning With Errors
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(RLWE) presents a clear advantage over the Learning With Errors (LWE): the length of
the keys necessary to grant (under certain hardness assumptions) the same level of security
is essentially linear in N . Other virtues of the cryptosystems based on both R/P-LWE are
the ease to implement (specially those based on PLWE) and the fully homomorphic nature
of these primitives.

Concerning security, the computational hardness of all the aforementioned problems re-
lies on different versions of the Shortest Vector Problem (over ideal lattices in the case of
R/PLWE) which, even if widely believed to be practically unfeasible, should be taken very
cautiously over specific instances of the parameters q, N and f(x).

Since 2016, there have appeared different proposals towards the cryptanalysis of specific
instances of R/PLWE, all of them assuming that q is totally split in the splitting field
of f(x), a condition which even if present in the original reduction of ideal lattice-SVP
to RLWE in the cyclotomic setting ([7]), was further proved to be non essential for more
general number fields (see for instance [10]).

For instance, in [5] and [6] the authors provide a set of algorithms to break PLWE in its
decisional version (and in a good number of cases also in its search version) if the roots of
f(x) belong to Fq and satisfy one of the following conditions:

The first condition is that α = ±1 is a root of f(x). The second condition is that f(x)
has a root of small order (typically 3 or 4). These conditions never apply for cyclotomic
f(x) but the last two conditions may apply: namely, the third condition is that f(x) has a
root of small residue modulo q and the last condition, that the value of certain truncated
integral exceeds 1/2. This condition requires to introduce some technicalities and will be
recalled in the next section.

In [2], the authors extend the attacks above to the case where f(x) has a root over
a quadratic extension of Fq of suitable trace and in [1], the authors exploit the splitting
behavior of cyclotomic polynomials over finite fields to derive an attack to the restriction of
PLWE to a proper subspace of R2

q of large enough dimension.
The present work extends our previous results, as well as the last of the attacks of [6], to

the setting where f(x) has a root on a higher-degree extension of Fq.
The use of finite field traces for the cryptanalysis of lattice-based primitives is not entirely

new (see for instance [8] and [9]). However, to the best of our knowledge, the use we make
of the traces of the roots of f(x) is indeed new and the present contribution extends to a
more general scenario the methods introduced in [1] and [2].

1. Overview of Root-based attacks against PLWE samples

We assume the introduction’s setting, taking q such that, initially, f(x) factors completely
modulo q. In [5], the authors gave a number of attacks targeting the search and decision
versions of PLWE for Rq. These attacks were constructed from a root α ∈ Fq of the
polynomial f(x) which satisfies certain conditions. Then, the samples are transformed
under the evaluation-at-α homomorphism, and distinguished there. Two practical attack
were defined, depending on the strategy followed.

1.1. Attack against the small set of error values. Whenever there exists a root α ∈ Fq
of f(x) such that the set S ⊂ Fq of all polynomials errors ei(x), evaluated at α, is small
enough to be swept through, when compared to Fq.
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To construct the attack, we assume that there exists a root α ∈ Fq such that it has small
order r module q. Then

e(α) =
n−1∑

i=0

eiα
i = (e0 + er + ...) + α · (e1 + er+1 + ...) + ...+ αr−1 · (er−1 + e2r−1 + ...)

and thus, if r is small enough, this only generates a handful of possibilities, creating a narrow
set S of possibilities which has a cardinal of, at most,

(
4nσ
r

)r.
With this information, a practical attack can be applied by going through every possible

guess g for s(α) mod q in Fq and checking, for each given sample (ai(x), bi(x)), whether
bi(α) − ai(α)g ∈ S: if, for any guess g, there is a sample j which does not hold, the guess
is discarded. Should a guess verify the condition for every sample, it is considered valid.

Theorem 1.1. [5] Let S, |S| < q be the set of possible values of e(α) mod q and let M
be the number of input samples. If the algorithm returns NOT PLWE, then the samples
come from the uniform distribution, with probability 1. If it outputs anything other than
NOT PLWE, then the samples are valid PLWE samples with probability 1− (|S|/q)M . In
particular, this probability tends to 1 as M grows.

1.2. Attack against small error values. Whenever there exists a root α ∈ Fq of f(x)
such that the error polynomials, when evaluated at α, are small themselves.

To construct the attack, we assume that there exists a root α ∈ Fq with a certain order r
module q. Then e(α) =

∑n−1
i=0 eiα

i is a weighted sum of n Gaussians of mean 0 and variance
σ2, and therefore will be a Gaussian of mean 0 and a certain variance σ2, dependent upon
σ, r and α. Under the assumption that 2σ < q

4 , every PLWE evaluated error will lie inside
[− q

4 ,
q
4).

With this information, a practical attack can be launched in the same fashion as the
previous attack, only varying the validation condition, to be bi(α)− ai(α)g ∈ [− q

4 ,
q
4).

Theorem 1.2. [5] Assume 2σ < q
4 and let M be the number of input samples. If the

algorithm returns NOT PLWE, then the samples come from the uniform distribution, with
probability 1. If it outputs anything other than NOT PLWE, then the samples are valid
PLWE samples with probability 1 − (12)

M . In particular, this probability tends to 1 as M
grows.

When 2σ ≥ q
4 , an attack can be launched, if the value

P (Ei|D = Gσ) =
(∫ 2·σ

0
Gσ
)−1

·



∫ q

4

0
Gσ +

N−1∑

j=0

∫ 5·q
4
+j·q

3·q
4
+j·q

Gσ


 >

1

2

where N =
2·σ− q

2
q , and Ei is the event of the evaluation, for a guess g of s(α) mod q,

bi(α)− gai(α) to lie inside [− q
4 ,

q
4), creating a probabilistic attack.

2. Trace-based generalization of these attacks

In a seek for more generality, in [1] and [2], the root α of f(x) is supposed to belong
to a proper Fq-extension of manageable degree. The idea of the attacks presented here is
to replace the analysis made over the set of likely values for e(α) ∈ Fq by the set of their
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Fq-traces, hence drastically reducing the size of the “smallness set” at the cost of producing
just a decisional attack, instead of a search one. This consideration allows generalizing the
attack for polynomials f(x) that do not factor completely mod q. For the attack to work
the following conditions are required: the existence of an element a ∈ Fq such that the
polynomial xn − a divides f(x) in Fq[x], for xn − a to be irreducible over Fq[x], and for a
to have small order over F∗q . In particular, there exists α ∈ Fqk such that αn − a = 0 and,
therefore, f(α) = 0.

Proposition 2.1. Suppose that xn − a divides f(x) over Fq[x] for some n < N . Assume
that xn − a is irreducible over Fq[x] and let α ∈ Fqn \ Fq be a root of f(x). Then, for each
j ≥ 1 such that j is not a multiple of n we have that Tr(αj) = 0.

With this proposition we have, for each PLWE sample, (a(x), b(x) = a(x)s(x) + e(x)) ∈
Rq ×Rq, setting s = s(α):

Tr(b(α)− a(α) · s) = n ·
r−1∑

i=0

ai ·
⌊N′

r
⌋−1∑

j=0

en·(j·r+i)

where r is the multiplicative order of a in F∗q and N ′ = ⌈N−1
n ⌉.

This modification can be applied to the previous attacks to elevate them to higher-degree
extensions of Fq, by checking Tr(b(α)− a(α) · s) instead of the sample itself. This comes at
the expense of creating just a decisional attack, and increasing the computational complexity
of the aforementioned.

To deal with these conditions, the ring Rq,0 was introduced in [2], as

Rq,0 = {g(x) ∈ Rq : g(α) ∈ Fq}.
When the samples are taken in Rq,0 ×Rq, we have

Tr(b(α)− a(α)s) = Tr(b(α))− a(α)Tr(s).
and therefore the values Tr(s) can be considered guesses for the trace of s(α) mod q, while
alleviating the overall computational complexity of the attack. This inclusion comes at the
expense of requiring samples in Rq,0×Rq, with a computational cost on O(qn−1), but more
feasible than carrying out the attacks over Fnq . Nevertheless, this cost limits the applicability
to extension of degree 3 or 4.

Proposition 2.2. Assume that |S| < q and let M be the number of input samples. If
the Trace-based algorithm for small number of error values returns NOT PLWE, then the
samples come from the uniform distribution on Rq,0 ×Rq. If it outputs anything other than
NOT PLWE, then the samples are valid PLWE samples with probability 1− (|S|/q)M . In
particular, this probability tends to 1 as M grows.

Proposition 2.3. Assume 2σ < q
4 and let M be the number of input samples. If the Trace-

based algorithm for small error values returns NOT PLWE, then the samples come from
the uniform distribution. If it outputs anything other than NOT PLWE, then the samples
are valid PLWE samples with probability 1− (1/2)M . In particular, this probability tends to
1 as M grows.
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GEOGEBRA DISCOVERY AND CHATGPT

(EXTENDED ABSTRACT)

FRANCISCO BOTANA, TOMÁS RECIO, AND M. PILAR VÉLEZ

Abstract. In our talk we introduce, �rst the current performance of the programs Ge-
oGebra and GeoGebra Discovery regarding some automatic reasoning tools features for
elementary geometry theorems. Then we focus on comparing, through some relevant ex-
amples, the performance of ChatGPT and of GeoGebra concerning the same problems.
We think that analyzing pros and cons, and developing a cooperation that enhances the
best of both approaches is a very relevant and urgent research goal for the next years.

1. The Automated Geometer in GeoGebra and GeoGebra Discovery:

current performance

GeoGebra (www.geogebra.org) is a freely available software, operative over smartphones,
tablets and computers, or just accessible through a web page. It has been translated to
circa 100 languages, and is used by more than 100 million persons all over the world,
sharing among them over 1 million educational resources. It includes Computer Algebra
and Dynamic Geometry features, and can be also used as versatile numerical and statistical
calculator. See the above mentioned web for detailed information.

GeoGebra Discovery (see https://kovzol.github.io/geogebra-discovery/ for further
details) includes several o�-line releases, for di�erent OS (Mac, Windows, Linux, Raspber-
ryPi, see https://github.com/kovzol/geogebra/releases) as well as an on-line version:
https://www.autgeo.online/geogebra-discovery/. Moreover, GeoGebra Discovery has
a speci�c url for the Automated Geometer prototype version (https://autgeo.online/
ag/automated-geometer.html?\offline=1), exclusively devoted to compute all possible
statements (following a combinatorial algorithm) that hold true over a given �gure.

Along the past decade we have worked towards the development of a kind of Automated
Geometer ([14, 1, 10, 2, 5, 11, 12]), initially implemented on the popular program GeoGebra
and, more recently, extended on GeoGebra Discovery.

For example, GeoGebra is capable of �nding an equality relation between two given
geometric objects in a construction (i.e. of formulating a thesis holding under the set
of hypotheses describing the geometric construction), of checking the truth/failure of a
conjectured (by the user) relation, or �nding missing hypotheses for a given relation to
hold true. And GeoGebra Discovery enlarges GeoGebra tools by including new features
(see [5, 6, 11] for details and examples). GeoGebra Discovery is able to �nd the relation
between two given geometric objects in a construction, including, in the case of lengths,
the discovery of relations that are not of equality : obtaining algebraic number ratios, or

Second and third authors have been partially supported by the grant �Mathematical Visualization: Foun-
dations, Algorithms and Applications� PID2020-113192GB-I00 from the Spanish MICINN.

The talk at the meeting EACA 2024 has been given by second and third authors.
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inequality relations, through comparison. It is also capable of checking the truth/failure of a
conjectured (by the user) relation involving inequalities, and of discovering automatically all
possible relations of a certain kind (co-circularity, parallelism, perpendicularity, etc) among
the elements of a construction involving a chosen element, or all elements of a construction.

Moreover, GeoGebra Discovery introduces a new feature: the possibility, through the
ShowProof command [13], of displaying in the GeoGebra Discovery CAS window the di�er-
ent algebraic steps internally performed by the program to con�rm or deny a given state-
ment, as well as a measure of the complexity of the proved statement, de�ned (see [13] for
details) as the maximum degree of the polynomials fi, such that t = f1h1 + · · · + frhr, or
such that 1 = f1h1+ · · ·+ frhr + fr+1 ∗ (zt− 1), where t is the thesis and h1, . . . , hr are the
hypotheses.

Let us remark that all these features are accomplished through the internal performance of
symbolic computation algorithms, which implies the formal validity of the obtained results.
See [4], where, concerning the use of algebraic automated deduction methods, it is declared
that

. . . This paper describes the formalization of the arithmetization of Euclidean
plane geometry . . . The arithmetization of geometry paves the way for the use
of algebraic automated deduction methods in synthetic geometry. Indeed,
without a �back�translation� from algebra to geometry, algebraic methods
only prove theorems about polynomials and not geometric statements. How-
ever, thanks to the arithmetization of geometry, the proven statements cor-
respond to theorems of any model of Tarski's Euclidean geometry axioms. . .

2. ChatGPT and GeoGebra Discovery

Chatbots, such as ChatGPT [7], are popular Large Language Models that have been
recently subject to di�erent studies concerning the relation with mathematics (see the very
recent paper [16], addressing mathematics olympiad problems with AlphaGeometry, a neural
language model, or the more general references in [3]).

The goal of our contribution is to analyze and compare the behavior of these two kinds
(ChatGPT/GeoGebra Discovery) of arti�cial/automated tools for dealing with mathemati-
cal issues. This comparison will be exhibited in three di�erent contexts.

First, addressing, with GeoGebra Discovery, a problem of one of the fathers of Arti�cial
Intelligence (A.I.), H. Gelernter, who presented, back in 1959, at a UNESCO meeting in
Paris, a �rst geometry-theorem proving machine, [8]. And, one year later, described in this
way its performance [9]:

In early spring, 1959, an IBM 704 computer, with the assistance of a pro-
gram comprising some 20,000 individual instructions, proved its �rst theo-
rem in elementary Euclidean plane geometry . Since that time, the geometry
theorem-proving machine (a particular state con�guration of the IBM 704
speci�ed by the afore-mentioned machine code) has found solutions to a
large number of problems taken from high school textbooks and �nal ex-
aminations in plane geometry . . . the theorem-proving program relies upon
heuristic methods to restrain it from generating proof sequences that do not
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have a high a priori probability of leading to a proof for the theorem in ques-
tion . . . At this stage in its development, the geometry machine was capable
of producing proofs that were quite impressive (Appendix I).. . . Three years
ago, the dominant opinion was that the geometry machine would not exist
today. And today, hardly an expert will contest the assertion that machines
will be proving interesting theorems in number theory three years hence.. . .

We have addressed with a laptop and GeoGebra Discovery the above mentioned problem
from Appendix I in [9], showing that GeoGebra Discovery not only is able to check the
correctness of the statement, but even to �nd by itself the thesis (the parallelism of certain
two lines), as one of the many potential results holding on the given geometric construction.
But we should also remark the optimistic perspective of Gelernter, when declaring, at the
end of the above quote, the existence of geometry proving machines just three years after
1960!

Second, reporting the results of [3] dealing with ChatGPT/GeoGebra Discovery compu-
tation of geometric loci, concluding that

. . . Except in some simple cases, we showed that the chatbot is, at best,
plausible, but not reliable. Either due to its making arithmetic errors, or by
simply sketching a general guideline for solving the task, we cannot currently
delegate ChatGPT for automating the search for loci. We also compared the
ChatGPT results with those of GeoGebra, showing that the latter clearly
surpasses the former for this particular task. However, we have also exhibited
some cases showing that neither system is fully reliable.

Third, addressing with both GeoGebra Discovery and ChatGPT a non-trivial geometric
inequality concerning the sides a, b, c of a triangle and the radius r of the incircle,

a6 + b6 + c6 ≥ 5148r6

related to an AMS-Monthly Problem, see [15]. We will show how GeoGebra Discovery is
capable of verifying the truth of such inequality instantaneously (but without yielding any
information about the reasons for it), while ChatGPT produces a long list of arguments,
relying on some other inequalities (without proof). Moreover, we used GeoGebra Discovery
to check the correctness of ChatGPT intermediate statements.

We think �and argue in our contribution� that such cooperation protocol: using GeoGebra
Discovery to verify the truth of ChatGPT, and using ChatGPT to exhibit arguments to
support GeoGebra Discovery output, enhancing the best of both tools, could be of interest
to analyze and to develop in a near future.
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DETERMINANT OF THE DISTANCE MATRIX OF A TREE

EMMANUEL BRIAND, LUIS ESQUIVIAS, ÁLVARO GUTIÉRREZ, ADRIÁN LILLO,
MERCEDES ROSAS

Abstract. In thiswork, we present a combinatorial proof of theGraham–
Pollak formula for the determinant of the distance matrix of a tree, via
sign-reversing involutions and the Lindström–Gessel–Viennot lemma.
Our approach provides a cohesive and unified framework for the un-
derstanding of the existing generalizations and 𝑞-analogues of the Gra-
ham–Pollak formula, and facilitates the derivation of a natural simulta-
neous generalizations for them.

1. Introduction

Consider a tree 𝑇 with vertices labeled from one to 𝑛, and edge set 𝐸.
The distance between vertices 𝑖 and 𝑗 , denoted by 𝑑 (𝑖, 𝑗), is defined as the
number of edges along the unique path connecting them in 𝑇 . The dis-
tance matrix of 𝑇 , denoted by 𝑀 (𝑇 ), is then defined as (𝑑 (𝑖, 𝑗))1≤𝑖, 𝑗≤𝑛 . In
their influential 1971 paper [GP71], Graham and Pollak established that
the determinant of the distance matrix of 𝑇 obeys what is now known as
the Graham–Pollak formula:

(1) det𝑀 (𝑇 ) = (−1)𝑛−1(𝑛 − 1)2𝑛−2.
Observe that this formula implies that the determinant of the distance ma-
trix of 𝑇 is solely dependent on its number of vertices, and not on its tree
structure.

Multiple techniques drawn from linear algebra, ranging fromGauss elim-
ination to Charles Dodgson’s condensation formula, have been used to
prove the Graham–Pollak formula [DY20, GP71, GL78, Til10, YY07, ZD16].
However, the elegance of the expression (−1)𝑛−1(𝑛 − 1)2𝑛−2 suggests the
existence of a signed enumeration problem solved by det𝑀 (𝑇 ). Pursuing
this trail has led us to a novel combinatorial proof of the Graham–Pollak
formula that relies on the existence of sign-reversing involutions, and on
the celebrated Lindström–Gessel–Viennot lemma. These constructions con-
stitute the core of our findings. This paper ends illustrating how our com-
binatorial proof not only serves as a unified framework for existing gener-
alizations and 𝑞-analogues of the Graham–Pollak formula but also allows
for the derivation of a novel extension to the formula.

Date: May 14, 2024– 17:06:04.
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2. Sketch of the proof

Throughout the text, we fix a tree 𝑇 = ( [𝑛], 𝐸) with vertex set [𝑛] and
edge set 𝐸, where [𝑛] denotes the set of integers between one and 𝑛.

Given a permutation 𝜎 in S𝑛 and a map 𝑓 : [𝑛] → 𝐸, we say that the
ordered pair (𝜎, 𝑓 ) is a catalyst for𝑇 if for each vertex 𝑖 , we have that edge
𝑓 (𝑖) lies in the path 𝑃 (𝑖, 𝜎 (𝑖)). A straightforward combinatorial argument
reveals that

det𝑀 (𝑇 ) =
∑︁
𝜎∈S𝑛

𝑛∏
𝑖=1

𝑑 (𝑖, 𝜎 (𝑖)) =
∑︁

(𝜎,𝑓 )∈𝐾
sign(𝜎).

where 𝐾 represents the set of all catalyst for 𝑇 .
For each catalyst (𝜎, 𝑓 ) ∈ 𝐾 we asociate the directed multigraph with

vertex set [𝑛] and edges multiset {{ ®𝑓 (𝑖) | 𝑖 ∈ 𝑣}}, where ®𝑓 (𝑖) denotes the
edge 𝑓 (𝑖) oriented from 𝑖 to𝜎 (𝑖). That constitutes the arrowflow induced by
(𝜎, 𝑓 ). An arrowflow is deemed unital if the undirected graph it induces
is connected and contains no repeated oriented edges. We say that it is
zero-sum otherwise.

1
2

3
4 5

(a) Unital

1
2

3
4 5

(b) Disconnected zero-sum

1
2

3
4 5

(c) Connected zero-sum

Figure 1. The different kinds of arrowflows.

Expanding on the concept of an arrowflow, we introduce the arrowflow
partition of the set of catalysts for𝑇 , by asserting that two catalysts induc-
ing the same arrowflow are equivalent. Those classes are also designated
as either zero-sum or unital, as naturally inferred.

The Graham–Pollak formula becomes transparent when expressed in
terms of the arrowflow partition. Our main theorem asserts that the signed
sum of catalysts within a zero-sum class is always equal to zero, while in
a unital class, it corresponds to (−1)𝑛−1. Now, a straightforward counting
argument neatly concludes the derivation of the Graham–Pollak formula.

The theorem’s proof for zero-sum classes derives from an elegant sign-
reversing involution with no fixed points. In contrast, the examination of
unital ones requires more intrincate arguments. Specifically, given a uni-
tal arrowflow𝐴with arrowflow class𝐶 (𝐴), we construct a gigantic acyclic
directed multigraph, termed the route map of𝐴 and denoted byRA . Subse-
quently, we illustrate how each catalyst in𝐶 (𝐴) induces a family of𝑛 paths
on RA . Leveraging on the Lindström–Gessel–Viennot Lemma, we deduce
that the signed sum of all catalysts in𝐶 (𝐴) corresponds to the signed count
of non-intersecting𝑛-paths onRA . The arguments concludes by establish-
ing the existence of a unique non-intersecting family of 𝑛-paths originat-
ing from a catalyst in 𝐶 (𝐴). Furthermore, we show that the underlying
permutation is an 𝑛-cycle, giving the desired sign.
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3. Beyond the Graham-Pollak formula

Various generalizations of the Graham–Pollak formula exist in the lit-
erature. A version of the Graham–Pollak formula for simple trees with
weighted edges is presented in [BKN05], while the situation of arc-weighted
trees is treated in [BLP09]. In both cases, the weight of a path is defined as
the sum of theweights of its edges. On the other hand,𝑞-analogues of these
results are also present in the literature. In them, the distance between
vertices is defined using 𝑞-integers. Simple trees obey the 𝑞-Graham–
Pollak formula [YY07, Cor. 2.3], (−1)𝑛−1(𝑛 − 1) (1 + 𝑞)𝑛−2. A 𝑞-analogue
for trees weighted with integers appears in the same work, [YY07, Thm.
2.4]. There also exist 𝑞-analogues for the Graham–Pollak formula when𝑇
is arc-weighted with integers [BLP09, Thm. 3.1], or over a commutative
ring [ZD16, Thm. 4], or with matrices over a commutative ring [ZD16,
Thm. 7].

Our combinatorial proof of the Graham–Pollak formula not only pro-
vides a foundation for understanding existing generalizations as outlined
above, but also paves the way for the creation of a new one. The novel idea
is to define the distance between two vertices using the operation 𝑞-sum,
that we denote by 𝑞 and define as

𝑎 𝑞 𝑏 = 𝑎 + 𝑏 + (𝑞 − 1)𝑎𝑏.

Using the operation of 𝑞-sum, we simplify [YY07, Thm. 2.4], by noting that
[1]𝑞 = 1 and [𝑎 + 𝑏]𝑞 = [𝑎]𝑞 𝑞 [𝑏]𝑞 .
Let 𝑒+ and 𝑒− be the arcs originating from edge 𝑒 , and let 𝐸± be the set

of arcs of 𝑇 where there is an arc pointing in each possible direction. Let
𝑅 be a commutative ring, and 𝛼 : 𝐸± → 𝑅 [𝑞] be a weight function. Define
the 𝑞-distance between vertices 𝑖 and 𝑗 as

𝑑𝑞 (𝑖, 𝑗) = 𝛼 (𝑖0, 𝑖1) 𝑞 𝛼 (𝑖1, 𝑖2) 𝑞 · · · 𝑞 𝛼 (𝑖𝑘−1, 𝑖𝑘).

where 𝑖0, 𝑖1, . . . , 𝑖𝑘 is the unique path from 𝑖 = 𝑖0 to 𝑗 = 𝑖𝑘 .
With this conditions, the determinant of the 𝑑𝑞-distance matrix of a tree

𝑇 is

(2) det𝑀 (𝑇 ) = (−1)𝑛−1
∑︁
𝑒∈𝐸

(
𝛼𝑒+𝛼𝑒−

∏
𝑓 ∈𝐸
𝑓 ≠𝑒

(𝛼 𝑓 + 𝑞 𝛼 𝑓 − )
)
,

where we write 𝛼𝑎 for 𝛼 (𝑎).
A similar reasoning also provides a combinatorial proof for the Choudhury–

Khare formula [CK19, Thm. A]. We highlight that, while that generaliza-
tion is, in a precise sense, the most general possible [CK19, Example 1.13],
Equation (2) stands independently. It represents the most natural simulta-
neous generalization of [ZD16, Thm. 4] and [YY07, Thm. 2.4].
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[GP71, p. 2511]
Graham–Pollak

[BKN05, Cor. 2.5]
weighted edges

[ZD16, Thm. 4]
weighted arcs

[YY07, Cor. 2.3]
𝑞-Graham–Pollak

[YY07, Thm. 2.4]
weighted edges, 𝑞–sum

Equation (2)
weighted arcs, 𝑞-sum

𝛼𝑖 𝑗=1 𝛼𝑖 𝑗=𝛼 𝑗𝑖

𝑞=1

𝛼𝑖 𝑗=1

𝑞=1

𝛼𝑖 𝑗=𝛼 𝑗𝑖

𝑞=1

Figure 2. Relationship between the formulas found in the
literature.
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ALGEBRAIC METHODS IN CELL DIFFERENTIATION

ELENA CAMACHO AGUILAR, FRANCISCO CASTRO JIMÉNEZ,
AND FRANCISCO GARCÍA CORTÉS

Abstract. We apply Groebner cover techniques to a system of polynomial equations
with parameters inspired by the popular French Flag model for patterning in Biology. We
interpret the obtained solutions of the system as the possible states of a certain cell, which
is defined by the expression of a set of proteins.

Introduction

Understanding how complex networks of genes or proteins interpret information to pro-
duce organs with specific sizes, shapes, and patterns to generate an adult organism has been
the focus of many years of research, yet it is still far from being completely understood. New
mathematical approaches are needed to simplify the study of the mechanisms that govern
these biological processes.

The problem discussed here is inspired by the French Flag model (FFm), a classical frame-
work for explaining how a single inductive signal can drive the differentiation of cells and
the patterning of a tissue during embryonic development [6]. In FFm, the diffusion of a signal
(referred to as morphogen) from a source cell creates a spatial signaling gradient which is
translated into a pattern by the nearby cells interpreting the level of morphogen concentra-
tion they are exposed to (Fig. 1). In particular, cells that are exposed to a low morphogen
concentration, remain in their initial state (red in Fig. 1A). Under middle concentrations
of the morphogen, cells differentiate to cell type 2 (white in Fig. 1A). While under high
concentrations, cells differentiate to cell type 3 (blue in Fig. 1A).

Here we focus on a system inspired by the FFm. We consider three simple mathematical
equations that describe how a single morphogen signal β can control the expression of three
genes S,B,C in a cell, defining the state of such cell (Fig. 1B) [1, App., p. 299]. Stable
states in this system correspond to cell types that the cell can differentiate to. Our goal is
to understand the characteristics of this model, for example, the space of solutions to the
system and how it depends on its parameters.

1. Three genes and one morphogen

Following [1, App. p. 299], we are going to deal with a model for how a single morphogen
could control cell differentiation into three cell types. In this model it is assumed that gene
expression in time is controlled by the following dynamical system (1). We have changed

The first author has been partially supported by the María de Maeztu strategic plan (CEX2020-001088-
M) awarded to the Centro Andaluz de Biología del Desarrollo (CABD).

Second and third authors are partially supported by PID2020-117843GB-I00.
The talk at the meeting EACA 2024 has been given by the second author.
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Figure 1. French Flag model, FFm. (A) The three cell types (blue, white
and red) are determined through the three different morphogen concentra-
tions (high, middle, low), defined by two thresholds c1 y c2. (B) Network
proposed to model process described in (A).

the names of the variables and parameter from the original cited paper. New variables are
B,C, S, corresponding to the gene expression levels, and the signaling parameter is β, that
corresponds to the concentration of the morphogen.

dC

dt
= a1

(β/kβ1)
nβ1

(1 + (β/kβ1)
nβ1)(1 + (B/k21)n21 + (S/k31)n31)

− δ1C

dB

dt
= a2

(β/kβ2)
nβ2

(1 + (β/kβ2)
nβ2)(1 + (C/k12)n12 + (S/k32)n32)

− δ2B

dS

dt
= a3

1

1 + (C/k13)n13 + (B/k23)n23)
− δ3S.

(1)

The parameters nij , kij , with i ∈ {β, 1, 2, 3}, j ∈ {1, 2, 3}, are the Hill coefficients and disso-
ciation constants respectively, and ai, δi with i ∈ {1, 2, 3} are the production and degradation
rates, respectively (see [1, p. 299] for a biological interpretation of these parameters).

In [1], the system of differential equations (1) is simulated with initial condition B = C =
0 and S = 2, and with specific values for all the parameters except β [1, Table A1].

In the present work we only fix the values for the parameters nij , that appear as exponents
in the expression of (1), and consider the remaining parameters as free parameters.

The original paper [1] aimed to find a simple model that could reproduce the behavior
described by the FFm. Therefore, the values of the Hill coefficients nij were chosen as low
as possible as long as the parameter β could control the presence of three different steady
states, characterized by either S,B, or C high and the rest of variables low. In particular,
nij = 1 with i ∈ {β, 1, 2, 3}, j ∈ {1, 2, 3}, except nβ2 = 5, fulfilled these requirements.

We are interested in (the structure of) the equilibrium points E of this new system,
depending on the parameters (i.e. the set of points (B(t), C(t), S(t)) such that dB(t)/dt =
dC(t)/dt = dS(t)/dt = 0). The polynomial system defining the algebraic set E is the
following:

f1 = C(1 + k21B + k31S)− V1 = 0

f2 = B(1 + k12C + k32S)− V2 = 0

f3 = S(1 + k13C + k23B)− V3 = 0.

(2)
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We have simplified notations by writing kij instead of 1/kij , V3 = a3
δ3

, and Vk = bk
ck

where

bk = ak

(
β
kβk

)nβk

and ck = δk

(
1 +

(
β
kβk

)nβk
)

for k = 1, 2, where we recall that nβ1 = 1

and nβ2 = 5, [1, p. 255]. So, in the previous system, the space of new parameters P(= C9)
has coordinates (k,V) := (kij , Vk). At the generic point (k,V) in P, the equilibrium point
set E is the intersection of three quadrics in the affine three dimensional space on the field
C(k,V). So, we can use Groebner basis techniques to describe E for generic points (k,V).

The reduced Groebner basis GB (w.r.t. the lexicographical ordering with B > C > S)
of the ideal – in Q(k,V)[B,C, S] – generated by {f1, f2, f3}, has three polynomials of the
form (known as Shape Lemma form; see e.g. [3], [2]):

(3) F (S), B + F1(S), C + F2(S)

where F (S), F1(S), F2(S) are univariate polynomials in S (which we omit here due to their
length), of degree 5, 4, 4 respectively, with coefficients in the field Q(k,V).

This generic GB gives a first insight on the solutions of the system. We are also interested
in special points (i.e. non-generic points, which are also important from a biological point
of view).

We apply Groebner cover techniques (see [4, Ch. 5]; see also [5]) to describe the shape of
the solution space as a function of the parameters. Although this is still a work in progress,
we show that, despite the simplicity of the system (2), the structure of the parametric
solution set is more complex than expected. In a future work we will give biological meaning
to the points in each stratum in the Groebner cover GC.

2. The Groebner cover GC

Instead of applying the command grobcov (in the Singular library grobcov.lib), we
leverage the Buchberger’s algorithm step-by-step on our system of original parametric poly-
nomials in (2) with coefficients in the polynomial ring Q[k,V].

In order to simplify notations, let us define the following auxiliary polynomials:

det := k12k23k31 + k13k32k21,

ℓ1 := det · (k12k23V1 − k23k21V2 + k32k21V3) + k21k12k23(k32 − k31),
ℓ2 := det · (k12(k13k21 + k12k23)V1 − k21(k13k21 + k12k23)V2 + k21k12(k32 − k31)V3)

+ k21k12(k32 − k31)(k12k23 + k21k13).

For f ∈ C[k,V], we denote V(f) the vanishing set of f in P and D(f) = P \ V(f).
We are mainly interested in the biologically driven Groebner cover bdGC, i.e., the one

that makes sense biologically instead of the abstract GC. We slightly simplify strata in the
GC by assuming that the parameters can take only real values and that kij > 0, and so
det > 0. Moreover, a3 > 0 (a3 is the production rate of a protein) and then V3 = a3/δ3 ̸= 0.

The simplified strata in bdGC are:

(4) Σ0 := D(det k21 k23 ℓ1 ℓ2 V3) = D(ℓ1ℓ2), Σ11 := V(ℓ1), Σ12 := D(ℓ1) ∩ V(ℓ2).
The stratum V(ℓ1, ℓ2) does not appear in bdGC since the variety V(ℓ1, ℓ2) is included in
V(V3) and we assume V3 ̸= 0.

In the open stratum Σ0 the Groebner basis GB0 is precisely the generic one GB (3).
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In the closed stratum Σ11 the corresponding Groebner basis GB11 has similar shape
to GB0, although the degree of the polynomials F (S), F1(S), F2(S) are in this case 5, 4, 3
respectively.

In the locally closed stratum Σ12 the corresponding Groebner basis GB12 has four poly-
nomials of the form

(5) (aS + b)H(S), B + J1(S), (aS + b)C + J2(S), d2C
2 + d1C + J3(S),

where first a = ℓ1, b = k21 ·det·V3, d2 = k23k21ℓ1, and d1 = d1(k,V) is a certain polynomial,
quadratic in V. Moreover, H,J1, J2, J3 are univariate in S of degree 3.

3. Conclusions

Here we show preliminary results to describe how the solutions to this biologically-inspired
system depend on the parameters. Further work needs to be done to explore the biological
meaning of these solutions. Despite considering a relatively simple system as a proof of
concept, the methods described here can also be applied to more complex biological pro-
cesses. For example, these processes could involve more genes and signals, which would be
translated mathematically into systems of polynomial equations with higher dimensions and
more parameters. Moreover, the degree of such polynomial equations could increase if we
considered nij ≥ 2.

In addition, we believe it would be interesting to leverage this approach for comparing
different mathematical models for a common biological process through the structure of
their solutions.

The authors offer their sincere thanks to the referee for his/her valuable comments.
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SPARSE NULLSTELLENSATZ, RESULTANTS AND DETERMINANTS
OF COMPLEXES

CARLOS D’ANDREA AND GABRIELA JERONIMO

Abstract. We refine known results on the supports of a Bézout identity satisfied by a
finite sequence of sparse Laurent polynomials without common zeroes in the toric variety
associated to their supports. When the number of these polynomials is one more than the
dimension of the ambient space, we obtain a formula for computing the sparse resultant
as the determinant of a Koszul type complex.

Given a field K, and a finite sequence f1, . . . , fk in RK := K[t1, . . . , tn], the classical
effective Hilbert’s Nullstellensatz deals with the problem of giving an effective procedure to
decide if there is, and if so to compute, a Bézout identity

(1)
k∑

i=1

gifi = 1.

If degree bounds for the gi’s are provided, then (1) turns into a computable Linear Algebra
problem.

A first attempt to dealing with this problem can be done by homogenizing the input, i.e.
considering F1, . . . , Fk ∈ R̃K := K[t0, . . . , tn] which are the homogenizations of f1, . . . , fk
up to their total degrees d1, . . . , dk respectively. We can then study the Koszul complex
associated to this sequence:

(2) Kos(R̃K , F1, . . . , Fk) : 0→ R̃
(kk)
K

Ψk−−→ R̃
( k
k−1)
K

Ψk−1−−−→ . . .
Ψ2−−→→R̃(k1)

K
Ψ1−−→ R̃

(k0)
K → 0.

As this sequence is homogeneous, the maps in (2) are also graded as well, and hence
we can consider the different graded pieces of it. For d ∈ Z≥0, the d-th graded part of
Kos(R̃K , F1, . . . , Fk) will be denoted by Kos(R̃K , F1, . . . , Fk)d. The following result is well-
known.

Theorem 1. For d ≥ d1 + . . . + dk − n, Kos(R̃K , F1, . . . , Fk)d is exact as a complex of
K-vector spaces if and only if there are no common zeroes of F1, . . . , Fk in projective space
Pn
K
.

Theorem 1 produces a very sharp bound on the degrees of the gi’s to produce a Bézout
identity as in (1) at the cost of requiring the input not to have zeroes not only in affine

The first author has been partially supported by the Spanish MICINN research project PID2019-
104047GB-I00, the Spanish State Research Agency, through the Severo Ochoa and María de Maeztu Program
for Centers and Units of Excellence in R&D (CEX2020-001084-M), and the European H2020-MSCA-ITN-
2019 research project GRAPES.

The second author has been partially supported by the Argentinian grants UBACYT 20020190100116BA
and PIP 11220130100527CO CONICET.

The talk at the meeting EACA 2024 has been given by the first author.
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space but in a compactification of it, the n-th dimensional projective space Pn
K
. Indeed

from the exactness of Kos(R̃K , F1, . . . , Fk)d one can find homogeneous G1, . . . , Gk such that∑
iGiFi = td0. By setting t0 = 1, we recover g1, . . . , gk such that deg(gi) ≤ d1+. . .+dk−n−di,

satisfying (1), and hence solving the effective Nullstellensatz problem.
Of special interest is the so-called “codimension one” case, i.e. when k = n + 1. Here,

tools from Elimination Theory like resultants can be used to deal with this problem. To
introduce them, consider the following generic homogeneous polynomials in n+ 1 variables
t0, . . . , tn of respective positive degrees d1, . . . , dn+1 :

(3) F gi :=
∑

α∈Zn+1
≥0 , |α|=di

ci,αt
α, i = 1, . . . , n+ 1,

with each of the ci,α being a new indeterminate. Set K := Q(ci,α). Note that the polynomials
F g1 , . . . , F

g
n+1 do not have common zeros in PnK. Hence, the complex Kos(R̃K, F

g
1 , . . . , F

g
n+1)d

is exact for d ≥ d1 + . . .+dn+1−n thanks to Theorem 1. In the special case n = 1, d = d1 +
d2−1, (2) reduces to only one nontrivial map between K-vector spaces of the same dimension
d1 + d2, whose determinant equals the classical Sylvester resultant of the homogeneous
bivariate forms F1 and F2, see [CLO05, Chapter 3 §1]. This resultant can be generalized for
n > 1 : given positive degrees d1, . . . , dn+1, there is an irreducible polynomial Resd1,...,dn+1 ∈
Z[ci,α] called the resultant of F g1 , . . . , F

g
n+1, which vanishes after a specialization of the ci,α

in a field K if and only if the specialized system arising from (3) after this specialization has
a solution in the projective space over K, see [CLO05, Chapter 3 §2] for its proper definition
and basic properties.

In another direction, the determinant of a linear map among spaces of the same dimension
with fixed bases can be generalized to the determinant of a finite exact complex of K-vector
spaces of finite dimension, if one fixes bases in each of the non-zero terms of it. In practice,
it involves the computation of maximal minors of all the nontrivial matrices representing
the differentials in the aforementioned bases. This concept goes also all the way back to
Cayley, see for instance [GKZ94, Appendix A]. Computational aspects can be found in
[Dem84, Cha93].

The following is a classical result which generalizes the computation of the Sylvester
resultant of two univariate polynomials by computing the determinant of a matrix.

Theorem 2. For d ≥ d1 + . . .+ dn+1 − n, we have that:
(1) The determinant of the complex Kos(R̃K, F

g
1 , . . . , F

g
n+1)d is equal to ±Resd1,...,dn+1 .

(2) This determinant can be computed as the gcd of the maximal minors of Ψ1,d, the
last nontrivial map in Kos(R̃K, F

g
1 , . . . , F

g
n+1)d.

(3) Let K be any field. For homogeneous polynomials F1, . . . , Fn+1 ∈ K[t0, . . . , tn]

of respective degrees d1, . . . , dn+1, Kos(R̃K , F1, . . . , Fn+1)d is exact if and only if
Resd1,...,dn+1(F1, . . . , Fn+1) 6= 0.

We present extensions of Theorems 1 and 2 to the sparse setting; proofs and details will
appear in a forthcoming paper which is in preparation. To do this, we start with finite sets
A1, . . . ,Ak ⊂ Zn. We will be working with a field K of characteristc zero, as our results
are based on standard techniques in toric geometry which are defined over the complex
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numbers. For i = 1, . . . , k, consider polynomials

(4) fi :=
∑

a∈Ai

fi,at
a ∈ K[t±1

1 , . . . , t±1
n ],

with fi,a ∈ K∗ := K \{0}. For short we denote with K[t±1] the ring of Laurent polynomials
K[t±1

1 , . . . , t±1
n ]. The torus (K∗)n will be denoted with TnK . It is the natural environment to

look for common zeroes of (4).
Set Pi := conv(Ai) ⊂ Rn for the convex hull of Ai, i = 1, . . . , k, and

P := P1 + . . .+ Pk.

If P is n-dimensional, there exists a toric variety XP containing TnK and a polynomial
ring S having as many variables as facets of P such that f1, . . . , fk get “homogenized” to
F1, . . . , Fk ∈ S. Homogeneous here means with respect to the grading given by the Chow
group of XP . The feature of this homogenization is that ξ ∈ Tn

K
is a common zero of the

fi’s if and only if it is a common zero of the Fi’s.
To deal with a more general problem, assume we are given another integral polytope

Q ⊂ Rn. Associated to the Minkowski sum P +Q there is a toric variety XP+Q “lying over”
XP , with its corresponding homogeneous coordinate ring S′ and hence f1, . . . , fk can also
be homogenized to F ′1, . . . , F ′k ∈ S′.

For each of the facets of P + Q there is an invariant Weil divisor associated to it. We
will denote by D1, . . . , Dn+r these divisors. For a vertex v of P +Q let αv be the degree of
−∑Dj , the sum being over the divisors associated to all the facets containing v. Each of
the Fi’s has a degree αPi associated to its Newton polytope. Set αP =

∑k
i=1 αPi , and αQ

the degree associated to the polytope Q.
As in the homogeneous case, one can consider the Koszul complex Kos(S′, F ′1, . . . , F ′k),

and its graded pieces determined by the Chow group of XP+Q. The following is our gener-
alization of Theorem 1 to the sparse setting:

Theorem 3. If P is n-dimensional, for any vertex v of P+Q, Kos(S′, F ′1, . . . , F
′
k)αv+αP +αQ

is exact as a complex of K-vector spaces if and only if there are no common zeroes of
F1, . . . , Fk in XP .

To generalize Theorem 2, set

(5) fgi :=
∑

a∈Ai

ci,at
a, 1 ≤ i ≤ n+ 1,

with ci,a being new indeterminates. As before, we denote here with K the field Q(ci,a), and
with S′K := K[x1, . . . , xn+r], the homogeneous coordinate ring of XP+Q.

Associated with this data there is a sparse resultant ([GKZ94, CLO05]) which we will
denote with ResA1,...,An+1 ∈ Z[ci,a]. The main property of this polynomial is that if it is not
identically 1, then it vanishes under a specialization of fgi 7→ fi ∈ K[t±1] if and only if the
homogenized system F1, . . . , Fn+1 ∈ S made from f1, . . . , fn+1 with respect to P1, . . . , Pn+1

respectively, has a non trivial solution in XP .
Denote with F g1 , . . . , F

g
n+1 ∈ S′ the homogeneizations of (5) to the coordinate ring of

XP+Q. For any degree β, we have that Kos(S′K, F
g
1 , . . . , F

g
n+1)β is a complex of finite di-

mensional K-vector spaces, each of them being either trivial or having a monomial basis.
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Theorem 4. Let fg1 , . . . , f
g
n+1 be as in (5), and F g1 , . . . , F

g
n+1 their respective

Pi-homogenizations, 1 ≤ i ≤ n + 1. If P is n-dimensional and Q any integral polytope, for
any vertex v of P + Q, Kos(S′K, F

g
1 , . . . , F

g
n+1)αv+αP +αQ is exact as a complex of K-vector

spaces. Moreover:
(1) Up to a nonzero element in Q, the determinant of Kos(SK, F

g
1 , . . . , F

g
n+1)αv+αP +αQ

is equal to ResA1,...,An+1 .
(2) Up to a sign, ResA1,...,An+1 is equal to the gcd in Q[ci,a] of the maximal minors of

Ψ1,αv+αQ+αP , the last nontrivial map of Kos(S′K, F
g
1 , . . . , F

g
n+1)αv+αP +αQ.

(3) Let K be any field. For sparse polynomials f1, . . . , fn+1 ∈ K[t±1] of supports
A1, . . . ,An+1 respectively, such that ResA1,...,An+1 6= 1, denote with F1, . . . , Fn+1

their Pi-homogenizations, 1 ≤ i ≤ n+ 1. Then, Kos(S′K , F1, . . . , Fn+1)αv+αP +αQ is
exact if and only if ResA1,...,An+1(f1, . . . , fn+1) 6= 0.

Remark 5. The degree αv in the grading of the Koszul complex in Theorem 4 generalises
the “−n” in the degree d1 + . . .+ dn+1−n appearing in Theorem 2. In addition, all Canny-
Emiris type matrices ([CE93, DJS23]) for the resultant can be regarded as non singular
maximal square submatrices of the last map of the (αv + αP )-th graded part of (2), where
v is the vertex where the “perturbation” small generic vector δ ∈ Qn attains its minimum.
The effective degree αQ added corresponds to another polytope Q, which also produces a
generalized Canny-Emiris type matrix as in [DJS23, Remark 4.28].

Remark 6. Theorem 4 gives a positive answer to Remark 4.20 in [DJS23] and it is indepen-
dent of the results in that paper. So, it provides a simplification to the approach of proving
Canny-Emiris’ conjecture for computing ResA1,...,An+1 as a quotient of two determinants.
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UPPER BOUNDS FOR THE HOMOLOGY OF K(Z, n) AND K(Z/mZ, n)

JUAN ANTONIO DELGADO, ANA ROMERO, JULIO RUBIO AND FRANCIS SERGERAERT

Abstract. In this work, we present closed explicit and numerical formulas for the num-
ber of critical simplices of two families of acyclic discrete vector �elds on the Eilenberg-
MacLane spaces K(Z, n) and K(Z/mZ, n). As a consequence, these formulas will provide
upper bounds for the number of components of the integral homology of these spaces.

Introduction

Throughout these notes we will work on a simplicial context, so we refer the reader to [9]
for further details.

An acyclic (or admissible) discrete vector �eld V on a simplicial set X is a collection of
pairs of non-degenerate simplices V = {(σi, τi)}i∈I , where every pair (σi, τi) is called a vector
and it consists of an n-simplex σi called source and an (n+1)-simplex τi called target, every
simplex appears at most once in V , σi must be a regular face of τi and every possible path
that can be formed along the vectors has �nite length; n is not necessarily constant, may
depend on i. A simplex that does not appear in V is said to be critical. One of the main
results of [5] is that V induces a reduction ρ : CN∗ (X)⇒⇒CN∗ (X)c, where ρ is a particular
type of chain equivalence between two chain complexes, which is one of the basic notions
of the E�ective Homology Theory, see [13], and CN∗ (X)c is the V -reduced chain complex,
which is generated by the critical simplices and is provided with an appropriate di�erential.

For the rest of this work, let π be a cyclic group. The simplicial model for the Eilenberg-
MacLane spaces K(π, n) for n ≥ 1 consists of a large (or in�nite) number of simplices.
For this reason, the direct computation of the integral homology is di�cult. In [3] we
obtain results concerning acyclic discrete vector �elds that allow us to compute the integral
homology with generators of these spaces. We will introduce closed formulas, obtained
experimentally due to our explicit computations, for the number of critical simplices of
these acyclic vector �elds. These formulas will provide us upper bounds for the integral
homology of aforementioned spaces.

1. Discrete vector fields on K(Z, n) and K(Z/mZ, n)

The following two results are the starting points of our work. Let m ≥ 2 be a positive
integer.

Proposition 1.1. [8] Let VK(Z,1) be de�ned as follows: the only critical simplices are the 0-
simplex ⋆ and the 1-simplex [1], the source simplices are the n-simplices
[an−1, . . . , a0] with an−1 ̸= 1 and their corresponding target simplices are the (n+1)-simplices

Supported by grants PID2020-116641GB-I00 and PID2020-115225RB-I00 funded by MCIN/ AEI/
10.13039/501100011033.

The talk at the meeting EACA 2024 has been given by the �rst author.
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[1, an−1 − 1, an−2, . . . , a0] if an−1 > 0 and [1, an−1, an−2, . . . , a0] if an−1 < 0. Then VK(Z,1)
is an acyclic discrete vector �eld on K(Z, 1).

Proposition 1.2. [12] Let VK(Z/mZ,1) be de�ned as follows: the critical simplices are the
0-simplex ⋆, the 2k-simplex [m − 1, 1, . . . ,m − 1, 1] for each k ≥ 1 and the (2k + 1)-
simplex [1,m − 1, 1, . . . ,m − 1, 1] for each k ≥ 0, the source simplices are the n-simplices
[an−1, . . . , a2r,m− 1, 1, . . . ,m− 1, 1] with a2r > 1 and 0 ≤ r ≤ n/2 and their corresponding
target simplices are the (n+ 1)-simplices [an−1, . . . , a2r − 1, 1,m− 1, 1 . . . ,m− 1, 1]. Then
VK(Z/mZ,1) is an acyclic discrete vector �eld on K(Z/mZ, 1).

Note that VK(Z/mZ,1) has the same number of critical simplices for every m ≥ 2; however,
the homology groups are di�erent. For this reason, we assert that our upper bound will not
be the most precise one as it will not take account of m. The following result establishes an
acyclic discrete vector �eld on BG, the classifying space of a simplicial group G.

Theorem 1.3. [3] Let G be a reduced simplicial group. Then there exists an acyclic discrete

vector �eld on BG, denoted by VBG, that induces a reduction ρ : CN∗ (BG)⇒⇒BarC
N
∗ (G)(Z,Z),

where BarA∗(Z,Z) denotes the usual bar construction of a connected algebra A∗.

This result can be enhanced when we have an additional acyclic discrete vector �eld VG on
the reduced group G. We work as follows: we know that π is Abelian so, as a consequence,
K(π, n) is always a reduced Abelian simplicial group that can be constructed by means of
the classifying space functor, that is, K(π, n) = B(K(π, n−1)) for every n ≥ 1. In this way,
combining Proposition 1.1 and Proposition 1.2, for the in�nite and �nite case, respectively,
together with the enhancement of Theorem 1.3, we obtain a family of acyclic discrete vector
�elds that we will denote by VK(Z,n) and VK(Z/mZ,n), respectively, for every n ≥ 1.

All of the previous results of this section lead up to algorithms that have been implemented
in the computer algebra system Kenzo [4].

2. Formulas for the number of critical simplices

Let V be an acyclic discrete vector �eld on a simplicial set X. We de�ne the associated
f -sequence, and denote it by cf (V ), as the sequence whose components are the number of
critical simplices at each dimension. Let βk(X) := Rank(Hk(X;Z)) be the k-th Betti number
of X and tk(X) the k-th torsion number, de�ned as the number of torsion groups of the
invariant factor decomposition ofHk(X;Z). Let us de�ne hk(X) as hk(X) := βk(X)+tk(X).
It is clear that, for every k ≥ 0, hk(X) ≤ cf (V )k. This will be the upper bound that we
will consider.

We present in Table 1 and Table 2 the �rst terms of the associated f -sequences of the
acyclic discrete vector �elds VK(Z,n) and VK(Z/mZ,n) computed with our Kenzo programs.
We recall that the f -sequences of VK(Z/mZ,n) do not depend on m.

The following results provide closed recursive formulas for the previous sequences. Let
n ≥ 2 be a positive integer.

Proposition 2.1. The k-th term of cf (VK(Z,n)) is Pnk , where Pnk is the k-th term of the
n-th generalized Padovan sequence de�ned as follows: Pn0 = 1 and Pn1 = · · · = Pnn−1 = 0
with the recurrence relation Pnk = Pnk−2 + · · ·+ Pnk−n for k ≥ n.
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cf (VK(Z,1)) 1 1 0 0 0 0 0 0 0 0 0 0 0

cf (VK(Z,2)) 1 0 1 0 1 0 1 0 1 0 1 0 1

cf (VK(Z,3)) 1 0 0 1 0 1 1 1 2 2 3 4 5

cf (VK(Z,4)) 1 0 0 0 1 0 1 1 2 2 4 5 8

cf (VK(Z,5)) 1 0 0 0 0 1 0 1 1 2 3 4 7

Table 1. First terms of cf (VK(Z,n)) for 1 ≤ n ≤ 5.

cf (VK(Z/mZ,1)) 1 1 1 1 1 1 1 1 1 1 1 1 1

cf (VK(Z/mZ,2)) 1 0 1 1 2 3 5 8 13 21 34 55 89

cf (VK(Z/mZ,3)) 1 0 0 1 1 2 4 7 13 24 44 81 149

cf (VK(Z/mZ,4)) 1 0 0 0 1 1 2 4 8 15 29 56 108

cf (VK(Z/mZ,5)) 1 0 0 0 0 1 1 2 4 8 16 31 61

Table 2. First terms of cf (VK(Z/mZ,n)) for 1 ≤ n ≤ 5.

Proposition 2.2. The k-th term of cf (VK(Z/mZ,n)) is 1 if k = 0 and Fnk if k > 0, where Fnk
is the k-th term of the n-th generalized Fibonacci sequence de�ned as follows: Fn1 = · · · =
Fnn−1 = 0 and Fnn = 1 with the recurrence relation Fnk = Fnk−1 + · · ·+ Fnk−n for k > n.

The proof of Proposition 2.1 is deduced from [10] together with the enhancement of
Theorem 1.3 and the proof of Proposition 2.2 is a reinterpretation of the fact that the k-th
term of the n-th generalized Fibonacci generalized sequence is the number of compositions
of k−n+1 with no part greater than n, see [11]. As we have closed recursive expressions, we
can provide general numerical formulas for the k-th term of these two families of sequences.
We omit the trivial cases.

Proposition 2.3. Let n ≥ 3 and k ≥ 0 be two integers. Then,

• Pnk is given by the following formula: Pnk =
∑n

i=1 qn(λi)λ
k−n+2
i , where {λi}1≤i≤n

are the roots of the characteristic polynomial ΦPn(x) = xn− xn−2− · · · − x− 1, and

qn(x) :=
xn − xn−1 − xn−2 + 1

(n+ 1)x2 − nx− n+ 1
.

• the error function Enk := Pkn−qn(λ)λk−n+2, where λ is the dominant root of ΦPn(x),
satis�es limk→∞ Enk = 0.

Proposition 2.4. Let n ≥ 2 and k ≥ 0 be two integers. Then Fnk =

⌊
λk−1(λ− 1)

(n+ 1)λ− 2n

⌉
,

where ⌊x⌉ denotes the closest integer function and λ is the dominant root of the characteristic
Laurent polynomial ΦFn(x) = x+ x−n − 2.

The proof of Proposition 2.3 is obtained adapting the main results of [1, 7] to our partic-
ular Padovan sequences. The proof of Proposition 2.4 is �rst discussed in [6].

We end up this work comparing in Figure 1 and Figure 2 our upper bounds with the exact
computations of the homology groups given in [2] for hk(K(Z/2Z, 2)) and hk(K(Z/2Z, 3)).
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FROBENIUS ALGEBRAS OF RINGS OF PRIME CHARACTERISTIC: A
QUICK TOUR

ALBERTO F.BOIX AND DANNY A. J. GÓMEZ–RAMÍREZ

Abstract. The goal of this survey is to review several recent results concerning the
so–called Frobenius algebras of rings of prime characteristic, focusing specially on the
interesting issue of its finite or infinite generation. We specially draw our attention to the
case where our base ring is Stanley–Reisner, where explicit and algorithmic descriptions
of these algebras are known.

Introduction

Let R be a commutative Noetherian ring of prime characteristic p, and let M be an R–
module. For each integer e ≥ 0, we denote by Endpe(M) the set of pe–linear maps of M ;

that is, Endpe(M) is made up by abelian group endomorphisms M
ϕ //M such that

ϕ(rm) = rp
e
ϕ(m) for all (r,m) ∈ R×M.

In this way, one can cook up the so–called Frobenius algebra of M

FM :=
⊕

e≥0

Endpe(M),

where multiplication is given by composition of maps. This algebra, introduced in [LS01]
in the context of tight closure theory has attracted some attention in the last years. In
[LS01] it was raised the question of when these algebras were finitely generated as rings

over its degree zero piece. They show that, if M = R and R
F //R denotes the Frobenius

endomorphism of R, then FR ∼= R[Θ;F ], see [LS01, Example 3.6]. The same conclusion
holds when (R,m) is a local complete S2–ring, M = H

dim(R)
m (R) is the top local cohomology

module of R supported on m, and F denotes the natural Frobenius action on this module
[LS01, Example 3.7]. It is also known that FM is finitely generated when M is of finite
length [EY16, Theorem 2.11].

The goal of this paper is to survey some results concerning these algebras, focusing
specially on the positive and negative answers that have appeared in the last years concerning
its finite generation.

Date: April 24, 2024.
2020 Mathematics Subject Classification. Primary 13A35; Secondary 13F55.
Key words and phrases. Frobenius algebra, Frobenius map, Prime characteristic.
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2 ALBERTO F.BOIX AND DANNY A. J. GÓMEZ–RAMÍREZ

1. About the generation of Frobenius algebras

It is in general quite complicated to obtain explicit descriptions of Frobenius algebras.
One very important exception is the following result, which is known as Fedder’s Lemma
[Fed83].

Lemma 1.1. Let (R,m) be a commutative Noetherian complete regular local ring of prime
characteristic p, let I ⊂ R be an ideal, and set S := R/I. Now, consider

GS =
⊕

e≥0

(
(I [p

e] :R I)

I [pe]

)
F e,

where F e denotes the e–th iteration of the Frobenius map on the injective hull of the residue
field of R. Then, we have a graded ring isomorphism FES ∼= GS, where ES denotes the
injective hull of the residue field of S.

Thanks mainly to Fedder’s Lemma, in [ÀMBZ12, ÀMY14] it is obtained a complete an-
swer to the finite generation of Frobenius algebras in the Stanley–Reisner case. Recall that,
given a commutative ring R of prime characteristic p and v ∈ R, R[vΘ;F ] denotes the non–
commutative ring freely generated as left R–module by {(vΘ)i}i≥0 with the multiplication
(vΘ) · r = (vrp)Θ.

Theorem 1.2. Let R = K[[x1, . . . , xn]]/I, where K is a field of prime characteristic p, and
I is a squarefree monomial ideal. If M = ER is the injective hull of the residue field of R,
then FM is either infinitely generated or FM ∼= R[uθ;F ], for some u ∈ R.

Keeping in mind Theorem 1.2, it was natural to ask whether the finite/infinite generation
of the Frobenius algebra attached to a Stanley–Reisner ring can be read in the simplicial
complex given by the Stanley–Reisner correspondence. We give an answer to this question
in the next section.

2. Frobenius algebras, free faces and maximal free pairs

Let ∆ be a simplicial complex with n vertices, we say that a pair (F,G) of non–empty,
disjoint faces of ∆ is free provided F ∪G is the intersection of all the facets containing F.
Moreover, given two free pairs (F,G), (F ′, G′), we say that (F,G) ≤ (F ′, G′) if F ⊇ F ′ and
G ⊆ G′; with this partial order, the set of all the free pairs becomes a partially ordered set. In
this way, a free pair (F,G) is said to be maximal if it is maximal in the set of free pairs with
this order relation. On the other hand, let K be a field, let I ⊆ K[x1, . . . , xn] = R be the
squarefree monomial ideal attached to ∆ through the Stanley–Reisner correspondence, and
denote by I [2] the ideal obtained after raising to the square all the elements of I; moreover,
denote by J1 the smallest ideal of R containing the set (I [2] :R I)\(I [2]+(x1 · · ·xn)). Finally,
given a monomial m ∈ R, we denote by supp(m) its support and by supp2(m) the set of
indices i such that degxi(m) = 2. Keeping in mind all the above notations, the main result
of this section (see [BZ19]) is the following theorem:

Theorem 2.1. On the one hand, given a free pair (F,G) as above, set

A(F,G) :=

(∏

i∈F
x2i

)( ∏

i/∈F∪G
xi

)
.
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On the other hand, given a monomial m ∈ R set Y (m) := (supp2(m), [n] \ supp(m)). Then,
the set {A(F,G) : (F,G) maximal free pair of ∆} is the minimal monomial generating set
for J1. Moreover, A and Y define 1 − 1 correspondences between the set of maximal free
pairs of ∆ and the set of minimal monomial generators of J1.

Apparently, Theorem 2.1 has no evident connection with the above Frobenius algebras.
However, combining Theorem 2.1 jointly with the results obtained in [Ili20], we have:

Theorem 2.2. Let K be any field of prime characteristic, let R := K[[x1, . . . , xn]], let
I = I∆ ⊆ R be a squarefree monomial ideal, let A := R/I, and let EA denote the injective
hull of K as A-module. If FEA is infinitely generated as A-algebra, then the number of new
generators appearing on each graded piece agree with the number of maximal free pairs of ∆.

3. The infinitely generated locus of a Frobenius algebra

The question that motivates this section is the following one.

Question 3.1. Let R be a commutative Noetherian ring of prime characteristic p. Is it
true that {p ∈ Spec(R) : FEp is finitely generated as a ring over its degree zero piece} is
an open set, where Ep is the injective hull of the residue field of Rp?

Before given a positive answer in the case of a Stanley–Reisner ring, we need to introduce
the following notation. Given J a monomial ideal with minimal monomial generating set
{m1, . . . ,mr}, set LCMJ := (LCM(mi,mj) : 1 ≤ i < j ≤ r). Moreover, given F ⊂ ∆ a
face, we set

xF =
∏

i∈F
xi.

In [BGRZ24] we prove the following result.

Theorem 3.2. Let K be a field of prime characteristic p, let R = K[x1, . . . , xn], S = R/I,
and I is a squarefree monomial ideal. Then, the set

{p ∈ Spec(R) : p ⊇ I, FESp is not finitely generated as a ring over Ŝp}
is equal to V (J), where

J =
⋂

F∈IGL(∆)

pF ,

pF is the prime ideal generated by the variables whose indices are not in F, and

IGL(∆) := {F ⊂ ∆ : (K [2] :R K) ̸= K [2] + (LCMK), K := (I :R xF )}.
Theorem 3.2 leads to an algorithm, implemented in Macaulay2 [GS13], for computing the

infinitely generated locus of the Frobenius algebra attached to a Stanley–Reisner ring.
(i) Step 1: Initialize K as I, p as the ideal (x1, . . . , xn), and L as the empty list.
(ii) Step 2: If (K [2] : K) ̸= K [2] + ⟨LCMK⟩, then add p to the list L. Otherwise, return

the empty list.
(iii) Step 3: For each ∅ ≠ F ⊂ ∆, assign to K the value (I : xF ). If (K [2] : K) ̸=

K [2] + ⟨LCMK⟩, then add p = pF to the list L.
(iv) Step 4: Output the intersection of the elements of L.
We finish by illustrating the above algorithm in a concrete example, borrowed from [BGRZ24].
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Example 3.3. Let ∆ be the simplicial complex given by facets {1, 2, 3}, {1, 2, 6} and
{3, 4, 5}, see the following figure.

6

1 2
3

4 5

We use our method to determine the non–finitely generated locus as follows.
loadPackage "SimplicialComplexes";

load "non_finitely_generated_locus_algorithm.m2";

R=QQ[x,y,z,w,a,b];

A= simplicialComplex {x*y*z,x*y*b,z*w*a};

I=monomialIdeal(A);

nonfglocus(I)

monomialIdeal (x, y, w, a, b)
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DISTRIBUTED MATRIX MULTIPLICATION OVER SMALL FIELDS

WITH STRAGGLER TOLERANCE

ADRIÁN FIDALGO-DIAZ AND UMBERTO MARTÍNEZ-PEÑAS

Abstract. A distributed algorithm scales poorly when the number of nodes is large, due
to the di�erence in their execution times (the straggler e�ect). We consider the problem
of mitigating this e�ect in distributed matrix multiplication when the matrices are de�ned
over a small �nite �eld. For this purpose, we introduce a new algorithm based on evaluating
polynomials in several variables, provide an explicit solution and study its optimality.

Introduction

In order to multiply large matrices, parallelization is used as follows to obtain feasible
runtimes. The two matrices are subdivided into smaller blocks, in a way that the product
of the two large matrices is obtained from the products of pairs of the smaller submatrices
(see Section 2). A master node shares the smaller submatrices with a set of worker nodes
and gathers all the results when �nished. As the number of nodes grows, so does the
expected di�erence between their execution times. Since the master node has to wait for
every worker node to end their computations, this supposes a bottleneck that di�cults an
e�cient scaling of this architecture. The solution comes from the hand of coding theory:
consider the slowest nodes, the so called stragglers, as the erasures in a word of a code.
With this idea, polynomial codes [3] were proposed inspired by Reed-Solomon codes.

In this paper we generalize polynomial codes [3] using multivariate polynomials, similarly
to how Reed�Muller codes generalize Reed�Solomon codes. In this way, we increase the
number of points where the polynomials can be evaluated, allowing to de�ne algorithms
that use a higher number of worker nodes than the size of the �eld. We study the case
where the matrices are de�ned over F2, a �eld for which polynomial codes do not work and
where there is a lack of optimal towers of algebraic function �elds, thus making our previous
construction [2] not applicable.

1. Preliminaries. The Footprint Bound

We denote by Fq the �nite �eld of size q and de�ne the Fq-algebra

R =
Fq[x1, x2, . . . , x`]

(xq1 − x1, . . . , xq` − x`)
,

The authors gratefully acknowledge the support from a María Zambrano contract by the University of Val-
ladolid, Spain (Contract no. E-47-2022-0001486), and the support from MCIN/AEI/10.13039/501100011033
and the European Union NextGenerationEU/PRTR (Grant no. TED2021-130358B-I00).

The talk at the meeting EACA 2024 has been given by the �rst author.
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where (A) denotes the ideal generated by a set A. Let V ⊆ R be an (Fq-linear) vector

subspace. For a set P ⊆ F`q, consider the evaluation map ev : V → FPq which sends f ∈ V to
(f(P ))P∈P, its evaluations in P. Observe that ev is well de�ned and a linear map.

For f ∈ Fq[x1, x2, . . . , x`], we de�ne its restricted footprint as ∆q,≺(f) := {a ∈ N`<q :

xa /∈ (LT(f))}, where N<q = {0, 1, . . . , q − 1}, ≺ is a monomial ordering (de�ned in N`),
xa = xa11 · · ·xa`` , for a ∈ N`<q, and LT(f) denotes the leading monomial of f with respect to
≺. The following lemma can be found in [1, Sec. IV].

Lemma 1.1. Let f ∈ Fq[x1, x2, . . . x`] and δ(f) := |∆q,≺(f)|. If Z(f) denotes the set of
zeros of f , then |Z(f)| ≤ δ(f). In particular, if we de�ne δ(V) := max{δ(f) : f ∈ V \{0}},
then |Z(f)| ≤ δ(V), for all f ∈ V \ {0}.

As a consequence, denoting k := δ(V), if f ∈ V and f(Pi) = 0 for k + 1 distinct points
P1, P2, . . . , Pk+1 ∈ P, then f = 0. Equivalently, let B := {f1, f2, . . . , fκ} be a basis of V and
G be the matrix associated to ev in such a basis, that is,

G :=




f1(P1) f1(P2) . . . f1(Pk+1)
f2(P1) f2(P2) . . . f2(Pk+1)

...
...

. . .
...

fκ(P1) fκ(P2) . . . fκ(Pk+1)


 .(1)

Then G has a right inverse, i.e., ev is injective.

2. Distributed Matrix Multiplication. The General Case

Let A ∈ Fr×sq and B ∈ Fs×tq be matrices over Fq. In order to multiply them, we split
them as block matrices in the following way:

A :=




A1

A2
...
Am


 , B :=

(
B1 B2 . . . Bn

)
=⇒ AB =




A1B1 A1B2 . . . A1Bn
A2B1 A2B2 . . . A2Bn
...

...
. . .

...
AmB1 AmB2 . . . AmBn


 ,

where Ai ∈ F
r
m
×s

q and Bi ∈ F
s× t

n
q (assuming that m and n divide r and t, respectively). We

want to �nd pA ∈ R
r
m
×s and pB ∈ Rs×

t
n such that

pA :=

m∑

i=1

Aix
ai , pB :=

n∑

i=1

Bix
bi ,

and such that, for every a, a′ ∈ DA := {a1, . . . , am} ⊆ Nl<q and b, b′ ∈ DB := {b1, . . . , bn} ⊆
Nl<q,

(2) a+ b = a′ + b′ =⇒ (a, b) = (a′, b′).

Here, we de�ne the sum in N<q as usual with the added rule a+ b := (a+ b mod q) + 1, for

a, b ∈ N<q such that a+ b > q. Note that we still have xaxb = xa+b in R for all a, b ∈ N`<q.
Set h := pApB ∈ R

r
m
× t

n .

Remark 2.1. By enforcing (2) we ensure that AiBj is the coe�cient of the term of h with
degree ai + bj , so we can retrieve AB from knowing h.
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Observe that if hi,j ∈ R is the (i, j)th coordinate of h, then hi,j ∈ V := 〈xa+b : a ∈
DA, b ∈ DB〉Fq , where 〈·〉Fq denotes Fq-linear span. So from Section 1, we can interpolate h
from any k+1 evaluations (the image of h from ev de�ned with |P| = k+1), where k = δ(V),
by inverting the matrix G from (1). Since V is generated by monomials, δ(V) is independent
of the monomial ordering . This interpolation step has negligible computational complexity
compared to that of each worker when the matrix sizes r, s and t are large, as in [2, Sec. 5].

This results in the following algorithm: the master node shares a point Pi ∈ F`q, pA and pB
with each worker. Then, the workers compute h(Pi) = pA(Pi)pB(Pi) in parallel. When any
k+ 1 of them end, the master node recovers h by performing componentwise interpolations,
and so AB because of Remark 2.1. In the literature, the number k+ 1 is called the recovery
threshold, i.e., the minimum number of responsive nodes needed to recover the product AB.

The remaining part is how to select sets DA, DB ⊆ N`<q satisfying (2) in such way that k
is as small as possible. Noticing that V is generated by monomials, we conclude that

k = δ(V) = q` −min

{∏̀

i=1

(q − ai) : xa ∈ V
}
.(3)

We summarize the problem of obtaining the coe�cients of pA and pB satisfying (2) and
minimizing (3) in Problem 1.

Problem 1. Find DA, DB ⊆ N`<q such that

(1) |DA| = m and |DB| = n,
(2) |DA +DB| = |DA| · |DB| or, equivalently, satisfying (2), and

(3) min{∏`
i=1(q − ai − bi) : a ∈ DA, b ∈ DB} is as large as possible.

Now the goal is solving Problem 1 since this leads to an optimal distributed matrix
multiplication (DMM) algorithm (in the framework that we have de�ned).

Remark 2.2. In the case ` = 1 (polynomials de�ned over one variable), this algorithm
is known as polynomial codes [3] in the literature, and Problem 1 is solved by choosing
DA := {0, 1, . . . ,m− 1} and DB := {0,m, . . . , (n− 1)m}. Polynomial codes attain the best
information theoretical recovery threshold but the number of worker nodes is limited by the
size of the �eld the matrices are de�ned over. In particular, small �elds such as F2 or F3
are not allowed by polynomial codes [3].

3. Matrices over F2
For the remainder of the paper we restrict ourselves to the case where A and B are de�ned

over F2. When q = 2, Problem 1 is simpli�ed. We have the following lower bound on the
recovery threshold.

Proposition 3.1. Let ξ := min{d ∈ N : mn ≤∑d
i=0

(
`
i

)
}. Then

min

{∏̀

i=1

(2− ai − bi) : a ∈ DA, b ∈ DB

}
≤ 2`−ξ.

Proof. Since q = 2, maximizing the minimum of Problem 1 is equivalent to minimizing
d := max{wtH(a + b) : a ∈ DA, b ∈ DB}, where wtH denotes the Hamming weight in
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N`<2 = {0, 1}`. This is because, when q = 2, it holds that

∏̀

i=1

(2− ai − bi) = 2`−wtH(a+b),

due to the de�nition of the sum in N<2. Now, by item 2 in Problem 1, we have that

mn = |DA +DB| ≤ |{a ∈ N`<2 : wtH(a) ≤ d}| =
d∑

i=0

(
`

i

)
.

From the de�nition of ξ, we deduce the bound of the statement. �
We next provide an explicit construction ofDA andDB. In general, the recovery threshold

of Construction 1 does not achieve the bound of Proposition 3.1. However, it does for some
moderate values of `, yielding interesting DMM algorithms as shown in Table 1.

Construction 1. Let ` = m′ + n′, dm ≤ m′ and dn ≤ n′. Consider

DA := {a ∈ N`<2 : wtH(a) ≤ dm, ai = 0, i = m′ + 1,m′ + 2, . . . , `},
DB := {b ∈ N`<2 : wtH(b) ≤ dn, bi = 0, i = 0, 1, . . . ,m′}.

From the de�nition we get |DA +DB| = |DA||DB| with

m := |DA| =
dm∑

i=0

(
m′

i

)
, n := |DA| =

dn∑

i=0

(
n′

i

)
.

Its recovery threshold is 2` − 2`−dm−dn.

` m, n Number of workers Recovery threshold

4 3 16 13
8 11 256 241
12 42 4096 4033
16 163 65536 65281

Table 1. Parameters for Construction 1 with m′ = n′ = `/2 and dm =
dn = `/4 for some values of ` attaining the bound of Proposition 3.1.
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ON THE QUOTIENT OF C-SEMIGROUPS

J. I. GARCÍA-GARCÍA, R. TAPIA-RAMOS, AND A. VIGNERON-TENORIO

Abstract. Let S ⊆ Np (for some non-zero natural number p) be an affine semigroup, and
C ⊆ Np be the non-negative integer cone generated by S. We say that S is a C-semigroup
if the complement of S in C is finite. In this talk, we study the quotient of a C-semigroup
by a positive integer, and we generalize several irreducibility results for the quotient of
numerical semigroups to the quotient of a C-semigroup by a positive integer.

Introduction and motivation

This work is based on [4]. Given an affine semigroup S ⊆ Np, its quotient by a positive
integer d is defined as S

d = {x ∈ Np | dx ∈ S}. We say that S
2 is one-half of S, and that S

4
is one-fourth of S. These specific cases will be relevant later in the introduced results.

There are numerous papers about the quotient of numerical semigroups (when p = 1),
such as [1], [5], and [7]. Recently, multiple studies have extended some well-known results
about numerical semigroups to algebraic structures of higher dimensions, such as affine
semigroups. Following this line of research, we generalize properties, and characterizations,
known about quotients of numerical semigroups to quotients of C-semigroups. We point out
that despite some of the results we present being known for numerical semigroups, others
hold only for general C-semigroups.

One of our main objectives is to describe C-semigroups that are quotients of a given C-
semigroup. Another key objective is to study the irreducibility of quotients of C-semigroups.
In particular, we provide a characterization of irreducible C-semigroups relative to the quo-
tient of C-semigroups.

For a C-semigroup S, any element x ∈ C \ S is called a gap of S. The set of all gaps
in S is denoted by H(S) and its cardinality is known as the genus of S. Following these
definitions, fixed ⪯ a total order on Np, the Frobenius element of S, denoted by Fb⪯(S), is
max⪯(C \ S). Note that Fb⪯(S) depends on the specific total order ⪯ chosen previously.
Using the terminology given in [2], we say that x ∈ H(S) is a pseudo-Frobenius element if
x+ (S \ {0}) ⊂ S. The set of pseudo-Frobenius elements is denoted by PF (S).

1. Elements of Dd(S, f)
Let S be a C-semigroup and d ∈ N\{0}. We define Dd(S) as the set of all the C-semigroups

T such that S = T
d . Let f = Fb⪯(T ), with T ∈ Dd(S), notice that f ≻ dFb⪯(S), otherwise,

All the authors have been partially supported by Consejería de Universidad, Investigación e Innovación de
la Junta de Andalucía project ProyExcel_00868 and research group FQM343. Proyectos de investigación del
Plan Propio – UCA 2022-2023 (PR2022-011 and PR2022-004) partially supported the first, and third-named
authors. The last author is partially supported by grant PID2022-138906NB-C21 funded by MICIU/AEI/
10.13039/501100011033 and by ERDF/EU. The talk at the meeting EACA 2024 has been given by the
second author.
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for any f ⪯ x ⪯ dFb⪯(S), if x
d ∈ Np necessarily x

d ∈ S, which it is not possible since
x ⪯ dFb⪯(S). Thus, the set Dd(S) is not finite since f can be any element belonging to
C greater than dFb⪯(S). But, fixed an element f ≻ dFb⪯(S), the set Dd(S, f) = {T ∈
Dd(S) | Fb⪯(T ) ⪯ f} is finite and can be computed.

Given X ⊆ Np, let dX = {dx | x ∈ X}. The following algorithm, given in pseudocode
form, shows a procedure to describe all the C-semigroups belonging to Dd(S, f). It is
achieved as a consequence of [4, Theorem 12].

Algorithm 1: Computing Dd(S, f)
Input: A C-semigroup S, a positive integer d, and f ∈ C \ {0}.
Output: The set Dd(S, f).

1 if f ⪯ dFb⪯(S) then
2 return ∅
3 M ← {m ∈ S \ Np | m ⪯ f};
4 A← {1, 2, . . . , d− 1};
5 P ← P(M) \ {∅};
6 D ← {{x ∈ C | x ≻ f} ∪ dS};
7 for Λ ∈ P do
8 t← #Λ;
9 if

∑t
i=1 aiλi ∈ dS ⊔ (Np \ dNp), for all λi ∈ Λ, and ai ∈ A then

10 T ← {x ∈ C | x ≻ f} ∪
(
dS + {∑t

i=1 aiλi | λi ∈ Λ, ai ∈ A}
)
;

11 D = D ∪ {T};

12 return D

Example 1.1. Consider the non-negative integer cone C generated by {(2, 1), (3, 1), (4, 1), (9, 5)}
and the C-semigroup S minimally generated by

{(4, 1), (5, 2), (7, 2), (9, 5), (4, 2), (6, 2), (6, 3), (7, 3), (11, 6)}.
This semigroup is the non-negative integer cone C except the points {(2, 1), (3, 1)} (see
Figure 1). Fixed d = 3, f = 3Fb⪯(S) = (9, 3), and the reverse graded lexicographical
order. Figure 2 shows some graphical examples of elements belonging to D3(S, f). The
symbols "◦" represent the gaps of the C-semigroup, and the red dots "•" the elements in
the C-semigroup.

Figure 1. C-semigroup S; ◦ ≡gap, •≡ element in S.
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Figure 2. Some elements in D3(S).

2. Irreducibility

A C-semigroup S is irreducible if it cannot be expressed as an intersection of two C-
semigroups containing S properly. Equivalently, S is irreducible if and only if the set PF (S)
is equal to {Fb⪯(S)} or {Fb⪯(S), Fb⪯(S)

2 } (see [2]). If PF (S) = {Fb⪯(S)}, we say that S
is symmetric, and pseudo-symmetric when PF (S) = {Fb⪯(S), Fb⪯(S)

2 }.
The following results are inspired by [6], and by the study of the irreducibility of C-

semigroups given in [2]. From now on, we denote by O the set N \ 2N of odd non-negative
integers.

Theorem 2.1. Let S be a C-semigroup and f ∈ C ∩ Op such that f − fi − fj ∈ S for all
fi, fj ∈ PF (S) = {f1, . . . , ft}. Then,

T = 2S ∪ {x ∈ C | f − x /∈ C}

∪
t⋃

i=1

(
(f − 2fi) + 2S

)

∪
{
x ∈ C \ (2Np ∪ Op) | x ≻ f

2 , f − x ∈ C
}

is a symmetric C-semigroup, with Frobenius element f , and such that S = T
2 .

Corollary 2.2. Given a C-semigroup S there are infinitely many symmetric C-semigroups
T such that S = T

2 .

There is not a parallelism between the symmetric and pseudo-symmetric cases. It means
that if S is a C-semigroup there exists finitely many pseudo-symmetric C-semigroup T such
that S = T

2 . This is achieved as a consequence of that Fb⪯(T ) = 2Fb⪯(S). Since there
exist finitely many C-semigroups with Frobenius element 2Fb⪯(S), we affirm that we cannot
obtain a result similar for the pseudo-symmetric case. Whence, we obtain the following
result.

Proposition 2.3. Let T be a pseudo-symmetric C-semigroup. Then, T
2 is an irreducible

C-semigroup.
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In particular, it is not true that any C-semigroup is one-half of a pseudo-symmetric C-
semigroup. Moreover, we can sharpen the preceding result a bit further to distinguish which
cases one-half of a pseudo-symmetric C-semigroup is symmetric or pseudo-symmetric.

Corollary 2.4. Let T be a pseudo-symmetric C-semigroup and S = T
2 . Then:

(1) S is symmetric if and only if Fb⪯(S) ̸≡ 0 mod 4.
(2) S is pseudo-symmetric if and only if Fb⪯(S) ≡ 0 mod 4.

Since it is easy to check if Fb⪯(S) ̸≡ 0 mod 4, the above result is a helpful tool to
determine if S is symmetric or pseudo-symmetric. We now try to give a flavour towards the
task of how to characterise irreducible C-semigroups relative to one-half of C-semigroups.
First of all, we deal with a technical result.

Lemma 2.5. Let S be an irreducible C-semigroup, ⪯ a monomial order and the set

A = {x ∈ (Np \ 2Np) ∩ C | Fb⪯(S) ≺ x ≺ 2Fb⪯(S)}.
Then,

T = 2S ∪A ∪ {x ∈ C | x ≻ 2Fb⪯(S)}
is a pseudo symmetric C-semigroup, with Frobenius element 2Fb⪯(S), and such that S = T

2 .

Theorem 2.6. Every C-semigroup is one-fourth of infinitely many pseudo-symmetric C-
semigroups.

Theorem 2.7. A C-semigroup is irreducible if and only if it is one-half of a pseudo-
symmetric C-semigroup.
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BETTI NUMBERS OF PROJECTIVE AND AFFINE MONOMIAL
CURVES

IGNACIO GARCÍA-MARCO, PHILIPPE GIMENEZ, AND MARIO GONZÁLEZ-SÁNCHEZ

Abstract. In this work, we explore when the Betti numbers of the coordinate rings of
a projective monomial curve and one of its affine projections are identical. Given an
infinite field k and a sequence of relatively prime integers a0 = 0 < a1 < · · · < an = d,
we consider the projective monomial curve C ⊂ Pn

k of degree d parametrically defined by
xi = uaivd−ai for all i ∈ {0, . . . , n} and its coordinate ring k[C]. The curve C1 ⊂ An

k with
parametric equations xi = tai for i ∈ {1, . . . , n} is an affine projection of C and we denote
by k[C1] its coordinate ring. The main contribution of this paper is the introduction of
a novel (Gröbner-free) combinatorial criterion that provides a sufficient condition for the
equality of the Betti numbers of k[C] and k[C1]. Leveraging this criterion, we identify
infinite families of projective curves satisfying this property.

Introduction

Let k be an infinite field, and k[x] := k[x1, . . . , xn] and k[t] := k[t1, . . . , tm] be two
polynomial rings over k. Given B = {b1, . . . , bn} ⊂ Nm, a set of nonzero vectors, each
element bi = (bi,1, . . . , bi,m) ∈ Nm corresponds to the monomial tbi := t

bi,1
1 · · · tbi,mm ∈ k[t].

The affine toric variety XB ⊂ Ank determined by B is the Zariski closure of the set given
parametrically by xi = u

bi,1
1 · · ·ubi,mm for all i = 1, . . . , n. Consider

SB := ⟨b1, . . . , bn⟩ = {α1b1 + · · ·+ αnbn |α1, . . . , αn ∈ N} ⊂ Nm ,
the affine monoid spanned by B. The toric ideal determined by B is the kernel IB of the
homomorphism of k-algebras φB : k[x] −→ k[t] induced by xi 7→ tbi . Since k is infinite,
one has that IB is the vanishing ideal of XB and, hence, the coordinate ring of XB is
(isomorphic to) the monomial algebra k[SB] := Im(φB) ≃ k[x]/IB. The ideal IB is an
SB-homogeneous binomial ideal, i.e., if one sets the SB-degree of a monomial xα ∈ k[x] as
degSB(x

α) := α1b1 + · · ·+ αnbn ∈ SB, then IB is generated by SB-homogeneous binomials.
One can thus consider a minimal SB-graded free resolution of k[SB] as SB-graded k[x]-
module,

F : 0 −→ Fp −→ · · · −→ F0 −→ k[SB] −→ 0 .

The projective dimension of k[SB] is pd(k[SB]) = max{i |Fi ̸= 0}. The i-th Betti num-
ber of k[SB] is the rank of the free module Fi, i.e., βi(k[SB]) = rank(Fi); and the Betti
sequence of k[SB] is (βi(k[SB]) ; 0 ≤ i ≤ pd(k[SB])). When the Krull dimension of k[SB]

This work has been partially supported by the grant PID2022-137283NB-C22 funded by
MCIN/AEI/10.13039/501100011033 and by ERDF “A way of making Europe”.

The third author thanks financial support from European Social Fund, Programa Operativo de Castilla
y León, and Consejería de Educación de la Junta de Castilla y León.
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coincides with its depth as k[x]-module, the ring k[SB] is said to be Cohen-Macaulay. By
the Auslander-Buchsbaum formula, this is equivalent to pd(k[SB]) = n−dim(k[SB]). When
k[SB] is Cohen-Macaulay, its (Cohen-Macaulay) type is the rank of the last nonzero module
in the resolution, i.e., type(k[SB]) := βp(k[SB]) where p = pd(k[SB]).

Now consider d ∈ Z+ and a0 := 0 < a1 < · · · < an = d a sequence of integers such
that gcd(a1, . . . , an) = 1. Denote by C the projective monomial curve C ⊂ Pnk of degree d
parametrically defined by xi = uaivd−ai for all i ∈ {0, . . . , n}, i.e., C is the Zariski closure of

{(ua0vd−a0 : · · · : uaivd−ai : · · · : uanvd−an) ∈ Pnk | (u : v) ∈ P1k}.
Taking A = {a0, . . . ,an} ⊂ N2 with ai = (ai, d − ai) for all i = 0, . . . , n, one has that
IA is the vanishing ideal of C, and the coordinate ring of C is the two-dimensional ring
k[C] = k[x0, . . . , xn]/IA. The projective monomial curve C is said to be arithmetically
Cohen-Macaulay if the ring k[C] is Cohen-Macaulay.

The projective curve C has two affine projections, C1 = {(ua1 , . . . , uan) ∈ Ank |u ∈ k} and
C2 = {(vd−a0 , vd−a1 , . . . , vd−an−1) ∈ Ank | v ∈ k}, associated to the sequences a1 < · · · < an
and d − an−1 < · · · < d − a1 < d − a0, respectively. The second sequence is sometimes
called the dual of the first one. Denote by S1 := SA1 the numerical semigroup generated
by A1 = {a1, . . . , an}. The vanishing ideal of C1 is IA1 ⊂ k[x1, . . . , xn], and hence, its
coordinate ring is the one-dimensional ring k[C1] ≃ k[x1, . . . , xn]/IA1 . Moreover, IA is the
homogenization of IA1 with respect to the variable x0. Similarly, denoting by S2 := SA2 the
numerical semigroup generated by A2 := {d− a0, d− a1, . . . , d− an−1}, the vanishing ideal
of C2 is IA2 ⊂ k[x0, . . . , xn−1], its coordinate ring is k[C2] ≃ k[x0, . . . , xn−1]/IA2 , and IA is
the homogenization of IA2 with respect to xn.

One has that βi(k[C]) ≥ βi(k[C1]) for all i, and the goal of this work is to understand when
the Betti sequences of k[C] and k[C1] coincide. A necessary condition is that k[C] is Cohen-
Macaulay. Indeed, affine monomial curves are always arithmetically Cohen-Macaulay while
projective ones may be arithmetically Cohen-Macaulay or not. Thus, pd(k[C]) = pd(k[C1])
if and only if C is arithmetically Cohen-Macaulay. In Theorem 1.2, which is the main result
of this work, we provide a combinatorial sufficient condition for having equality between the
Betti sequences of k[C] and k[C1] by means of the poset structures induced by S and S1 on
the Apery sets of both S and S1. In Propositions 2.1 and 2.3, we use our main result to
provide explicit families of curves where βi(k[C]) = βi(k[C1]) for all i.

The motivation of this work comes from [4], where the authors obtain a sufficient condition
in terms of Gröbner bases to ensure the equality of the Betti sequences.

The computations in the examples given in this paper are performed using Singular [2].

1. Apery sets and Betti numbers

Let d ∈ Z+ and a0 := 0 < a1 < · · · < an = d be a sequence of relatively prime
integers. For each i = 0, . . . , n, set ai := (ai, d − ai) ∈ N2, and consider the three sets
A1 = {a1, . . . , an}, A2 = {d, d− a1, . . . , d− an−1} and A = {a0, . . . ,an} ⊂ N2. We denote
by C ⊂ Pnk the projective monomial curve defined by A as defined in the introduction, and
by C1 and C2 its affine projections.Consider S1 and S2 the numerical semigroups generated
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by A1 and A2 respectively, and S the monoid spanned by A that we call the homogenization
of S1 (with respect to d).

Definition 1.1. For i = 1, 2, the Apery set of Si with respect to d is Api := {y ∈ Si | y−d /∈
Si}. One can also define the Apery set of S as APS := {y ∈ S |y − a0 /∈ S,y − an /∈ S}.

Note that APS has at least d elements by [3, Lem. 2.5]. Moreover, |APS | = d if and only
if C is arithmetically Cohen-Macaulay.

In order to compare βi(k[C]) and βi(k[C1]) for all i, we will relate in Theorem 1.2 the
Apery sets Ap1 and APS with the natural poset structure that both have and that we now
define. For i = 1, 2, (Api,≤i) is a poset, where ≤i is given by y ≤i z ⇐⇒ z − y ∈ Si.
Similarly, (APS ,≤S) is a poset for ≤S defined by y ≤S z⇐⇒ z− y ∈ S.

The main result in this section is Theorem 1.2 where we give a sufficient condition in
terms of the poset structures of the Apery sets Ap1 and APS for the Betti sequences of
k[C1] and k[C] to coincide.

Theorem 1.2. If (APS ,≤S) ≃ (Ap1,≤1), then βi(k[C]) = βi(k[C1]) for all i.

2. Examples of application

In Propositions 2.1 and 2.3, we provide some sequences a1 < · · · < an for which the
condition in Theorem 1.2 is satisfied. Let us start with arithmetic sequences, i.e., sequences
a1 < · · · < an such that ai = a1 + (i − 1)e for some positive integer e. For this family, we
refine [4, Cor. 4.2] that considers a1 > n− 1.

Proposition 2.1. Let a1 < . . . < an be an arithmetic sequence of relatively prime integers.
Then, (APS ,≤S) ≃ (Ap1,≤1) if and only if a1 > n− 2. Therefore, if a1 > n− 2, the Betti
sequences of k[C1] and k[C] coincide.

Example 2.2. For the sequence 5 < 6 < 7 < 8 < 9 < 10, one has that a1 = 5 >
4 = n − 2. Therefore, the Apery sets (Ap1,≤1) and (APS ,≤S) are isomorphic. Hence,
by Theorem 1.2, the Betti sequences of k[C1] and k[C] coincide. One can check that both
are (1, 11, 30, 35, 19, 4). The posets (Ap1,≤1) and (APS ,≤S) in this example are shown in
Figure 1.

In [1, Sect. 6], the authors studied the canonical projections of the projective monomial
curve C defined by an arithmetic sequence a1 < · · · < an of relatively prime integers, i.e.,
the curve πr(C) obtained as the Zariski closure of the image of C under the r-th canonical
projection πr : Pnk 99K Pn−1

k , (p0 : · · · : pn) 799K (p0 : · · · : pr−1 : pr+1 : · · · : pn). We know
that πr(C) is the projective monomial curve associated to the sequence a1 < · · · < ar−1 <
ar+1 < · · · < an.

In Proposition 2.3, for any r ∈ {2, . . . , n− 1}, we consider A1 = {a1, . . . , an} \ {ar}, the
numerical semigroup S1 = SA1 , and its homogenization S, and we characterize when the
posets (Ap1,≤1) and (APS ,≤S) are isomorphic.

Proposition 2.3. Let a1 < . . . < an be an arithmetic sequence of relatively prime integers
with n ≥ 4, and r ∈ {2, . . . , n − 1}. Consider A1 = {a1, . . . , an} \ {ar}, the numerical
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(0, 0)

(5, 5) (6, 4) (7, 3) (8, 2) (9, 1)

(14, 6)(13, 7)(12, 8)(11, 9)

Figure 1. The posets (Ap1,≤1) (in blue) and (APS ,≤S) (in black) for
S1 = ⟨5, 6, 7, 8, 9, 10⟩.

semigroup S1 generated by A1, and its homogenization S. Then the posets (Ap1,≤1) and
(APS ,≤S) are isomorphic if and only if one of the following conditions holds:

(a) r = 2, a1 ≥ n− 1 and a1 ̸= n;
(b) 3 ≤ r ≤ n− 2, a1 ≥ n and r ≤ a1 − n+ 1;
(c) r = n− 1 and a1 ≥ n− 2.

Consequently, if one of the previous conditions holds, then βi(k[C1]) = βi(k[C]), for all i.

Example 2.4. For the sequence 9 < 10 < 11 < 12 < 13, the Betti sequences of k[C1]
and k[C] coincide by Proposition 2.1. Indeed, it is (1, 10, 20, 15, 4) for both curves. The
parameters of this arithmetic sequence are a1 = 9, e = 1 and n = 5. Hence, the Betti
sequences of k[πr(C1)] and k[πr(C)] coincide for r = 2, 3, 4 by Proposition 2.3. One can
check that the Betti sequence of k[π2(C)] and k[π4(C)] is (1, 5, 6, 2), and the Betti sequence
of k[π3(C)] is (1, 8, 12, 5).
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ON THE NUMBER OF TOEPLITZ FACTORS OF A MATRIX

IGNACIO GARCÍA-MARCO, IRENE MÁRQUEZ-CORBELLA, AND DANIEL SECO

Abstract. In this work we consider factorizations of square complex matrices as product
of Toeplitz matrices. We disprove a conjecture by Ye and Lim, by showing that there are
3×3 complex matrices which can’t be expressed as the product of two Toeplitz matrices of
the same size. We also improve existing upper bounds on the number of Toeplitz factors
needed to express every n× n matrix with n ≤ 5.

Introduction

Decomposing matrices as products of structured matrices has been proven to be a very
effective technique in computational and numerical algebra and, for example, decompositions
of matrices as the product of a lower-triangular and an upper-triangular matrix (LU), or of
an orthogonal and an upper-triangular matrix (QR), or of two orthogonal matrices with a
diagonal one (SVD), are ubiquitous in many numerical applications.

In this work, we study decompositions of square matrices as product of Toeplitz matrices.
A square n× n complex matrix T = (ai,j) ∈Mn×n(C) is Toeplitz if its entries are constant
along the diagonals, i.e.,

T =




t0 t1 tn−1

t−1 t0
. . .

. . . . . . t1
t−(n−1) t−1 t0



,

or, in other words, there exists {tk | − (n − 1) ≤ k ≤ n − 1} ⊂ C such that ai,j = tj−i
for all i, j ∈ {1, . . . , n}. Toeplitz matrices are one of the most well-studied and understood
classes of structured matrices and present several interesting computational advantages. For
example, linear systems involving Toeplitz matrices can be solved in O(nlog2(n)) operations
(see [1]).

Given a square matrix A ∈Mn×n(C), Ye and Lim proved in [3] that A can be written as

A = T1 · · ·Ts,
where T1, . . . , Ts are Toeplitz n × n matrices. Any such writing of a matrix will be called
a Toeplitz decomposition of length s. These decompositions have many attractive compu-
tational properties and are precious in computational algebra, for example if one knows a
Toeplitz decomposition of length s of a matrix A, then one can solve linear systems in A

The first and second authors have been partially supported by the Spanish grant MICINN PID2019-
105896GB-I00.
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within O(sn(log2(n)) operations. The minimum length among all the Toeplitz decomposi-
tions of a matrix will be called the Toeplitz rank of the matrix A and will be denoted by
TR(A). In [3, Theorem 3.1, Corollary 5.3 and Theorem 5.5] the authors prove the following:

Theorem 0.1. Let A ∈Mn×n(C), then
(a) TR(A) ≤ ⌊n/2⌋+ 1 if A is generic (in the Zariski topology sense),
(b) TR(A) ≤ n+ 2, if A is invertible, and
(c) TR(A) ≤ 2n+ 5.

By a dimension counting argument they derive that the bound in Theorem 0.1.(a) is
sharp, and they wonder if (b) and (c) can be improved. More precisely, they conjecture that
the generic bound works for all the matrices:

Conjecture 0.2. [3, Conjecture 5.6] Every matrix A ∈ Mn×n(C) is a product of at most
⌊n/2⌋+ 1 Toeplitz matrices.

If one defines TRmax(n) as the maximum Toeplitz rank among all the n×n matrices, Ye
and Lim’s results imply that

(1)
⌊
n/2

⌋
+ 1 ≤ TRmax(n) ≤ 2n+ 5;

and the conjecture is equivalent to TRmax(n) = ⌊n/2⌋+ 1.

The goal of this work is to study the values of TRmax(n) for small values of n.

1. Counterexamples to the conjecture in n = 3

A simple and key observation is that given an n × n matrix A and a value s ∈ Z+,
determining whether A admits a Toeplitz decomposition of length s is equivalent to the
problem of deciding if a particular system of multivariate polynomial equations has complex
solutions. More precisely:

Proposition 1.1. Let A = (ai,j) ∈ Mn×n(C) be an n × n matrix and s ≥ 1. Consider
the set of (2n − 1)s variables X = {xk,ℓ |, 1 ≤ k ≤ s, −(n − 1) ≤ ℓ ≤ n − 1}, and the n2
homogeneous polynomials of degree s

fi,j :=
∑

1≤l1,...,ls−1≤n
x1,l1−i x2,l2−l1 · · · xs,j−ls−1 ∈ C[X], for i, j ∈ {1, . . . , n}.

The following conditions are equivalent:
• The matrix A ∈Mn×n(C) is a product of s Toeplitz matrices.
• The system of equations fi,j = ai,j for all i, j ∈ {1, . . . , n} has a solution in C(2n−1)s.
• The ideal I = ⟨fi,j − ai,j | 1 ≤ i, j ≤ n⟩ ⊆ C[X] satisfies that 1 /∈ I.

This result might suggest Gröbner basis techniques to compute Toeplitz ranks of matrices.
However, due to the size of the problem, this approach seems to be useless even for quite
small values of n and s (n ≥ 4 and s ≥ 3). Nevertheless, as the following example shows, for
n = 3 one can effectively check if a certain matrix has a Toeplitz decomposition of length 2.

Example 1.2. Consider the 3× 3 diagonal matrix

A =



0 0 0
0 1 0
0 0 2


 .
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The following extract from Sagemath [2] shows that the ideal I described in Proposition
1.1 is I = ⟨1⟩ and, hence, A cannot be written as a product of two Toeplitz matrices.
In: R.<a0,a1,a2,a3,a4,b0,b1,b2,b3,b4>=PolynomialRing(QQ,10,order=’deglex’);

A=matrix(R,[[a2,a3,a4],[a1,a2,a3],[a0,a1,a2]])
B=matrix(R,[[b2,b3,b4],[b1,b2,b3],[b0,b1,b2]])
M=matrix(R,[[0,0,0],[0,1,0],[0,0,2]])
S=A*B-M
I= R.ideal([S[i][j] for i in range(3) for j in range(3)])
G=I.groebner_basis()
G

Out: [1]

Thus, A is a counterexample to Conjecture 0.2 and we have that TRmax(3) ≥ 3.

In fact, one can extend this example and prove that most diagonal 3×3 matrices cannot be
expressed as a product of 2 Toeplitz matrices; providing an infinite family of counterexamples
to Conjecture 0.2.

Proposition 1.3. Let d1, d2, d3 ∈ C and consider the matrix

A =



d1 0 0
0 d2 0
0 0 d3


 ,

then TR(A) =

{
2 if(d1 − d2)(d1 − d3)(d2 − d3)d2 = 0, or
3 otherwise

We have produced further counterexamples to Conjecture 0.2 as, for example, the anti-
symmetric matrix

A =




0 1 2
−1 0 4
−2 −4 0


 ,

which satisfies that TR(A) = 3.
We have not been able to produce counterexamples for the conjecture for n ≥ 4. In this

setting we have verified that most diagonal 4 × 4 matrices (those whose diagonal entries
d1, d2, d3, d4 are nonzero, different and do not satisfy that d1d4 = d2d3) admit a Toeplitz
decomposition of length 3.

2. Maximum Toeplitz rank of small size matrices

For low rank matrices one can devise explicit algorithms for finding Toeplitz decomposi-
tions

Proposition 2.1. Let A ∈Mn×n(C) be a matrix of rank at most 2, then TR(A) ≤ 4.

Also for n× n matrices of rank n− 1, one has the following.

Proposition 2.2. Let A ∈Mn×n(C) of rank n− 1, then A = PT1T2, with P an invertible
matrix and T1, T2 two Toeplitz matrices.

From these propositions, together with Ye-Lim’s results, Proposition 1.3 and a careful
inspection of 5 × 5 matrices of rank 3, we get the following improvement of the bounds in
(1) for TRmax(n) and n ∈ {3, 4, 5}.
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Theorem 2.3. Let TRmax(n) be the maximum Toeplitz rank of an n× n matrix, then:
• 3 ≤ TRmax(3) ≤ 4,
• 3 ≤ TRmax(4) ≤ 8, and
• 3 ≤ TRmax(5) ≤ 10.
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HADAMARD QUASIGROUP PRODUCTS PRESERVING THE LATIN
SQUARE CONDITION

MANUEL GONZÁLEZ-REGADERA, MARÍA DOLORES FRAU, AND RAÚL M. FALCÓN

Abstract. The Hadamard quasigroup product has recently been introduced as a natural
generalization of the classical Hadamard product of matrices. It constitutes a superposi-
tion operator of three binary operations, one of them being a quasigroup operation. In
this paper, we make use of a computational algebraic geometry approach to deal with
the set of Latin squares whose successive powers according to the Hadamard quasigroup
product is again a Latin square. The performed computation ensures the existence of
Latin squares for which the smallest power before recovering the initial Latin square is
greater than its order.

Introduction

Let A(n) be the set of n × n arrays with entries in the set of symbols [n] := {1, . . . , n}.
Every binary operation f on the set [n] is uniquely identified by its multiplication table
Af ∈ A(n) so that Af [i, j] := f(i, j) for all i, j ∈ [n]. A binary operation is a superposition
if it results after permuting, identifying or adding variables in an operation, or replacing
variables by operations [4]. This paper focuses on the superposition operator associated to
three binary operations f , g and h as follows.

⊙f (g, h) : [n]× [n] −→ [n]
(i, j) 7→ f (g(i, j), h(i, j))

Equivalently, ⊙Af
(Ag, Ah)[i, j] := Af [Ag[i, j], Ah[i, j]] for all i, j ∈ [n]. More specifically, we

are interested in the case in which Af describes a Latin square. That is, an array L ∈ A(n)
such that each symbol in the set [n] appears exactly once per row, and exactly once per
column. From now on, we denote by L(n) the set of such arrays. Every Latin square
L ∈ L(n) constitutes the multiplication table of a quasigroup ([n], ∗) of order n. That is, the
set [n] is endowed with a binary operation ∗, so that both equations i ∗ x = j and y ∗ i = j
have unique solutions x, y ∈ [n], for all i, j ∈ [n]. The superposition operator ⊙L(A,B), with
L ∈ L(n) and A,B ∈ A(n) is called a Hadamard quasigroup product, which has recently been
introduced [1] as a natural generalization of the classical Hadamard product. If A = B = L,
then, for every positive integer k ≥ 2, it is also defined the product

(1) ⊙kρL := ⊙L
(
⊙k−1
ρ L, L

)

The first author thanks the Institute of Mathematics of the University of Seville (IMUS) for its Program
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research project TED2021-130566B-I00 “New graphical authentication schemes in Information Management
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where ⊙1
ρL := L. The discrete structure of the Latin square L endows this product with a

cyclic behaviour, so that one can ensure the existence of a positive integer k such that
⊙k+1
ρ L = L. The minimum positive integer ρ(L) satisfying this condition is a Latin

square isomorphism invariant [1]. Of particular interest, it is defined the set HLρ(n) :={
L ∈ L(n) : ⊙kρ L ∈ L(n) for all k ≤ ρ(L)

}
. An algebraic geometry approach was described

in [1] to classify up to isomorphism all the Latin squares L ∈ HLρ(n), for all n ≤ 6. All of
them satisfy that ρ(L) ≤ n, and also that the permutations defined by each column in L
have the same cycle structure. We prove that these conditions are not satisfied in general.
To this end, we make use of an alternative computational algebraic geometry approach,
which enables us to deal with higher orders.

1. Our computational algebraic geometry approach

Every arrayA ∈ A(n) is uniquely determined by its set of entries Ent(A) := {(i, j, A[i, j]) :
i, j ∈ [n]}. Let Sn be the symmetric group on the set [n]. A Latin transversal in A is any
subset T ⊆ Ent(A) containing exactly one entry per row, exactly one entry per column, and
exactly on entry per symbol. It describes a permutation πT ∈ Sn so that πT (j) := A[ij , j],
with (ij , j) ∈ T . The following result shows how Latin squares in HLρ(n) require the
existence of successive localized Latin transversals in L.

Proposition 1.1 ([1]). If L ∈ L(n), then the following statements hold.
a) L ∈ HLρ(n) if and only if the subset of entries

(2) Tk(L) :=
{(
⊙kρL[i, i], L[i, i], ⊙k+1

ρ L[i, i]
)
: i ∈ [n]

}
⊆ Ent(L)

is a Latin transversal for every positive integer k. Moreover, Tk(L) = Tk+lρ(L)+1(L)
for every pair of positive integers k, l.

b) In particular, L2 ∈ L(n) if and only if the main diagonal T1(L) is a Latin transversal.
c) Let π1, π2 ∈ Sn be two permutations with the same cycle structure. Then, there is a

one-to-one correspondence from the subset of Latin squares L′ ∈ HLρ(n) such that
πT1(L′) = π1 to that of Latin squares L′′ ∈ HLρ(n) such that πT1(L′′) = π2.

The union of entries of all the Latin transversals defined in (2) describes uniquely a partial
Latin square of order n. That is, an n× n array with symbols in the set [n] such that every
symbol appears at most once per row, and at most once per column. Every Latin square
to which this partial Latin square can be completed belongs to HLρ(n). This last set can
be determined from a sequential construction of feasible Latin transversals defined as in
(2), for which the union of their respective entries respects the Latin square condition. The
third statement of Proposition 1.1 enables one to start this construction with representative
main diagonals describing permutations with distinct cycle structures. A computational
algebraic geometry approach based on the ideas described in [2] was proposed in [1] to
determine this sequential construction (and hence, the set HLρ(n)) for all n ≤ 6. (The
case n = 7 was not possible to be determined due the computational complexity of the
method therein described.) To deal with higher orders, we propose here an alternative
computational algebraic geometry approach based on the ideas described in [3]. To this
end, let T1 be the main diagonal from which the sequence under construction starts. In
addition, let T2, . . . , Tk be subsequent feasible Latin transversals that are already known in
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that sequence. (If k = 1, then we only know T1.) Based on the first statement of Proposition
1.1, we assume here that Ti ̸= T1 for all i ≤ k. Then, let Pk be the partial Latin square
satisfying that Ent(Pk) =

⋃k
i=1 Ent(Ti). To compute the set of subsequent feasible Latin

transversals Tk+1, let Q[Xn] be the multivariate polynomial ring over the field of rational
numbers, with Xn := {xij : i, j ∈ [n]}. Then, the sought set is identified with the algebraic
set V(IPk

) of the zero-dimensional ideal IPk
:= ⟨xij ·(xij−1),

∑n
j=1 xij−1, xijxi′j : i, j, i

′ ∈
[n], i ̸= i′ ⟩ ∪ ⟨xij : i, j ∈ [n], Pk[πTk(i), i] ∈ [n] ⟩ ∪ ⟨xiPk[j,i] : i, j ∈ [n], Pk[j, i] ∈ [n] ⟩ ∪
⟨xiPk[πTk (i),j]

: i, j ∈ [n], Pk[πTk(i), j] ∈ [n] ⟩ in the multivariate polynomial ring Q[Xn].
The computation of the reduced Gröbner basis of this ideal make easier to determine this
algebraic set. This procedure is iterated for each feasible Latin transversal Tk+1 ∈ V(IPk

)
such that Tk+1 ̸= T1. The iteration finishes once we recover the initial Latin transversal T1
in each sequence. (It always occurs due to the first statement of Propositon 1.1 and the
finite number of Latin squares of a given order.)

At this point, each obtained sequence T1, . . . , Tρ determines a unique partial Latin square
Pρ, whose completions are Latin squares in the set HLρ(n). Each completion can sequen-
tially be constructed by following an analogous computational algebraic geometry approach,
but column-by-column instead that Latin transversal by Latin transversal. Note here that
every column j in a Latin square L ∈ HLρ(n) describes a unique permutation πcolL,j ∈ Sn
such that πcolL,j(i) = L[i, j] for all i ∈ [n]. Thus, columns play exactly the same role in the
new procedure that Latin transversals do in the previous one. Of particular interest, we
highlight each cycle CL,j , with j ∈ [n], containing the symbol j in the unique decomposition
of the permutation πcolL,j into disjoint cycles. The relevance of these cycles is shown in the
next result, which follows readily from the Hadamard quasigroup product described in (1).

Lemma 1.2. Let L ∈ HLρ(n). Then, ρ(L) = lcm{|CL,j | : j ∈ [n]}.

For each Latin square L ∈ HLρ(n), let us consider the expression zL := nd
L
n . . . 1d

L
1 , where,

for each l ∈ [n], we denote by dLl the number of cycles of length l in the set {CL,1, . . . , CL,n}.
For n ≤ 6, the following two conditions hold (see [1]):
(C.1) If L ∈ HLρ(n), then di · dj = 0 whenever 1 < i < j ≤ n. Hence, the corresponding

parameter ρ(L) is uniquely determined by any non-trivial cycle CL,j .
(C.2) ρ(L) ≤ n for all n ≤ 6.

Of course, (C.1) implies (C.2). A main motivation to develop the current work is to know
whether these two conditions holds for every order n. Determining the set HLρ(n) for small
orders n > 6 can help in this regard.

2. Computing Hadamard quasigroup products

We have implemented the previous procedures in the open computer algebra system
for polynomial computations Singular, available from http://www.singular.uni-kl.de.
They have been used to determine the set HLρ(n) for distinct small values n > 6. As an
illustrative example, we show here a representative Latin square L for each feasible expres-
sion zL, where L ∈ HLρ(7) is a Latin square whose main diagonal describes a permutation
of the longest possible length. The maximum running time that is required to compute any
of them has been less than 10−4 seconds in an Intel Core i7-8750H CPU (6 cores), with a
2.2 GHz processor and 8 GB of RAM.
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2 6 1 3 4 5 7
1 3 5 7 2 4 6
5 2 4 6 7 1 3
6 7 3 5 1 2 4
7 1 2 4 6 3 5
3 4 6 1 5 7 2
4 5 7 2 3 6 1

zL = 27 ⇒ ρ(L) = 2

2 6 3 7 4 1 5
6 3 7 4 1 5 2
3 7 4 1 5 2 6
7 4 1 5 2 6 3
4 1 5 2 6 3 7
1 5 2 6 3 7 4
5 2 6 3 7 4 1

zL = 37 ⇒ ρ(L) = 3

2 7 3 6 1 5 4
5 3 1 4 7 2 6
7 6 4 2 5 1 3
4 1 7 5 3 6 2
3 5 2 1 6 4 7
1 4 6 3 2 7 5
6 2 5 7 4 3 1

zL = 47 ⇒ ρ(L) = 4

2 4 7 3 1 6 5
6 3 5 1 4 2 7
1 7 4 6 2 5 3
4 2 1 5 7 3 6
7 5 3 2 6 1 4
5 1 6 4 3 7 2
3 6 2 7 5 4 1

zL = 67 ⇒ ρ(L) = 6

2 6 1 4 3 5 7
4 3 2 7 5 1 6
7 5 4 3 1 6 2
1 7 6 5 4 2 3
3 2 7 1 6 4 5
5 1 3 6 2 7 4
6 4 5 2 7 3 1

zL = 362 ⇒ ρ(L) = 6

The last array does not satisfies Condition (C.1), so this condition does not hold in
general. Furthermore, the following array was obtained so that it does not satisfy either of
the two conditions (C.1) and (C.2).

2 5 12 4 8 7 13 14 15 16 3 6 10 11 1 9
3 1 7 8 11 6 14 15 5 13 16 2 9 12 10 4
4 6 5 2 10 15 7 13 11 8 14 3 16 1 9 12
5 15 9 3 14 1 6 8 2 4 7 13 11 16 12 10
1 3 8 9 6 16 11 4 13 12 15 14 5 10 7 2
10 2 11 12 7 4 3 5 14 15 9 16 1 13 8 6
9 12 3 10 1 2 8 6 16 14 13 15 4 5 11 7
15 14 2 1 5 13 4 7 3 6 8 10 12 9 16 11
13 7 14 15 16 3 5 9 10 11 6 12 2 8 4 1
14 10 15 7 13 5 16 2 12 9 11 1 8 4 6 3
16 13 4 5 15 14 1 11 7 10 12 9 3 6 2 8
12 4 16 13 3 8 15 1 9 7 10 11 6 2 14 5
6 8 10 11 9 12 2 16 1 5 4 7 14 3 15 13
7 9 6 16 12 11 10 3 8 1 2 4 13 15 5 14
11 16 1 6 2 9 12 10 4 3 5 8 7 14 13 15
8 11 13 14 4 10 9 12 6 2 1 5 15 7 3 16

zL = 5834231 ⇒ ρ(L) = 30
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A COMBINATORIAL APPROACH TO MODULI SPACES OF LINE
ARRANGEMENTS

BENOÎT GUERVILLE-BALLÉ AND JUAN VIU-SOS

Abstract. The moduli space M(A) of a line arrangement A in CP2 is the space of
arrangements with the same combinatorial information as A (i.e. incidence relations
between lines) up to linear projective transformations.

In a recent paper [GBVS23], we present some combinatorial techniques in order to
determine topological and geometrical information of M(A) using combinatorial classes
of arrangements characterized by a recursive structure, after the seminal work by Nazir
and Yoshinaga in 2011. In particular, combinatorial methods to obtain a sharped upper
bound of connected components of M(A) are implemented.

Introduction

Complex projective line arrangements are fundamental objects in algebraic geometry,
algebraic topology, and also combinatorics. The moduli space of a line arrangement A
is a geometrical object which describes isomorphism classes (under the natural action of
PGL3(C)) of arrangements that are lattice-isomorphic to A. The topological study of the
moduli space is extremely important in this context, e.g. arrangements in the same connected
component of the moduli space have diffeomorphic complements [Ran89].

In a recent paper [GBVS23], we focus on a combinatorial study of the moduli space of
line arrangements and we explore how such a study can provide fundamental information
about its geometry and topology, introducing a combinatorial upper bound on the number
of connected components of the moduli space of an arrangement.

We first define the notion of m-perturbation which transforms any combinatorics into an
inductively connected one (Definition 2.2). By the work of Nazir and Yoshinaga [NY12], this
allows to embed the moduli space of our original arrangement in an affine space of a relatively
small dimension [GBVS23, Thm. 4.5]. From this embedding, we present in Section 2 an
algorithm to compute an upper bound of the number of connected components of the moduli
space by inductively bounding the degree of m polynomial conditions arising from a m-
perturbation. Finally, in Section 3 we provide an example of family of arrangements where
this upper bound is computed, showing that it is sharp when the number of connected
components is arbitrarily large.

All the previous methods would be implemented in Sagemath [Sage].

The first author was partially supported by RIMS and JSPS KAKENHI Grant JP23H00081 (PI: Masahiko
Yoshinaga).

The second author was partially supported by the Spanish grants PID2020-114750GB-
C32/AEI/10.13039/501100011033 and MTM2016-76868-C2-2-P.

The talk at the meeting EACA 2024 has been given by the second author.
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1. Moduli spaces

Let Arrn be the class of arrangements of n lines, for n ≥ 1.

Definition 1.1. An abstract line combinatorics is a pair C = (L,P) where:
• L is the data of an ordered set of n lines, codified by the list L = {1, . . . , n},
• P is a finite subset of the power set of L codifying the singular points, satisfying:

(1) for all P ∈ P, one has |P | ≥ 2,
(2) for all i, j ∈ L, there exists a unique P ∈ P such that i, j ∈ P .

Two abstract line combinatorics C = (L,P) and C′ = (L′,P ′) are called equivalent, denoted
C ≃ C′, if there exists a (non-necessarily order-preserving) bijection Φ : L → L′ such that
Φ(P) = P ′.

Any A ∈ Arrn defines an abstract line combinatorics C(A) = (A,PA) in a natural way,
where PA is derived from the bijection between the singular points of A and the lines
meeting at these points. A multiple point of C(A) is an element P ∈ PA such that |P | ≥ 3.

Definition 1.2. Let C = (L,P) be an abstract line combinatorics, and let n be the cardi-
nality of L. The moduli space of C is the set:

M(C) = {B ∈ Arrn | C(B) ≃ C} /PGL3(C).

For brevity sake, we setM(A) :=M(C(A)) for any A ∈ Arrn with combinatorics C(A).
An ordered arrangement is a pair (A, ω), where A ∈ Arrn and ω is a bijective map

ω : A −→ {1, . . . , n} ,
called the order on A. Let Ai = ω−1({1, . . . , i}), for i ∈ {1, . . . , n}. When ω is the order
given by the indices, then Ai = {ℓ1, . . . , ℓi}. Consider the following ascending chain of
(ordered) arrangements:

(1) A1 = {ℓ1} ⊊ A2 ⊊ · · · ⊊ Ai ⊊ · · · ⊊ An = A,
We denote by τi(A, ω) (alternatively, τi depending on the context) the cardinality of the
intersection |ω−1(i) ∩ Sing(Ai−1)|. Roughly speaking, τi counts the number of multiple
points of Ai contained in the ith line.

Definition 1.3. The type of an ordered arrangement (A, ω) is τ(A, ω) = (τ1, . . . , τn) ∈ Nn.
Both the ascending chain (1) and the type can be defined for an abstract line combina-

torics C: by abuse of notation, we will also denote (C)1 ⊊ · · · ⊊ (C)n = C and τ(C, ω).
Definition 1.4 ([NY12, Def. 3.4]). An arrangement A is inductively connected if there
exists an order ω on A such that max(τ(A, ω)) ≤ 2.

Proposition 1.5 ([GBVS23, Propo. 3.4]). If A is an inductively connected arrangement
such that A is neither a pencil or a near-pencil1, thenM(A) is isomorphic to a Zariski open
subset of a complex space of dimension dimCM(A) =∑n

i=5(2− τi). As a consequence, the
moduli space M(A) is connected.

1An arrangement A is a pencil (resp. near-pencil) if A has at most one singular point (resp. if A is a
pencil together with a generic line).
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2. A combinatorial upper bound for the number of connected components

In this section, we present an algorithm that provides the formula for the upper bound
on the number of connected components #CC(M(A)) of a moduli spaceM(A).
Definition 2.1. Let C = (L,P) be an abstract line combinatorics. Let P0 ∈ P be a fixed
multiple point of C and let ℓ ∈ P0. An elementary perturbation of C at (ℓ, P0) is an abstract
combinatorics C̃ = (L, P̃) such that:

(1) for all P ∈ P, P ̸= P0, one has P ∈ P̃,
(2) P̃0 = P0 \ {ℓ} is in P̃.

Such a relation is denoted C̃ ≺ C. For any multiple point P ∈ P, we call the parent of P in
C̃ the unique element P̃ ∈ P̃ such that either P̃ = P or P̃ = P̃0.

Definition 2.2. A m-perturbation of C = (L,P) is a sequence of m elementary perturba-
tions such that

C0 ≺ C1 ≺ · · · ≺ Cm = C, (denoted C0 ≺≺ C)
and C0 is inductively connected with associated order ω0, called the perturbation order. For
any multiple point P in Pi, there is a unique chain of parents: P̃ = P0 ⊂ P1 ⊂ · · · ⊂ Pi = P
coming from C0 ≺≺ Ci.
The algorithm. Let A = {ℓ1, . . . , ℓn} be an arrangement with a m-perturbation C0 ≺≺
C(A) = (A,PA) and perturbation order ω0. Up to relabelling, we assume that ω0(ℓi) = i.
Furthermore, we can also assume that ℓ1, ℓ2, ℓ3 and ℓ4 are in generic position in C(A).
We define recursively two maps Λ : A → N and Θ : PA → N as follows.

(R1) For i ∈ {1, 2, 3, 4}, we fix Λ(ℓi) = 0.
(R2) For any P ∈ C(A4), we fix Θ(⟨P ⟩) = 0.
(R3) For i ∈ {5, . . . , n}, the expression of Λ(ℓi) depends on the value τi(C0, ω0) a follows:

• If τi(C0, ω0) = 0, we fix Λ(ℓi) = 1.
• If τi(C0, ω0) = 1, i.e. ℓi passes through a unique point P0 in (C0)i, we define:

Λ(ℓi) :=

{
1 + Λ(ℓj) if Λ(ℓj) = Λ(ℓk),
max(Λ(ℓj),Λ(ℓk)) otherwise.

where ℓj and ℓk are two lines in the parent of P0.
• If τi(C0, ω0) = 2, i.e. ℓi passes through two points P0 and Q0 in (C0)i, we define

Λ(ℓi) := Θ(⟨P0⟩) + Θ(⟨Q0⟩).
(R4) For i ∈ {5, . . . , n} and for any double point P = {ℓi, ℓj} in (C0)i, we define

Θ(⟨P ⟩) = Λ(ℓi) + Λ(ℓj).

Theorem 2.3 ([GBVS23, Thm. 4.10]). Let A be a line arrangement and assume that C(A)
admits a m-perturbation C0 ≺≺ C(A). The following inequality holds:

#CC(M(A)) ≤
m∏

i=1

(
Λ(ℓi1) + Λ(ℓi2) + Λ(ℓj)

)
.

where Ci−1 ≺ Ci is the elementary perturbation at (ℓj , P ), and ℓj1, ℓj2 are two lines contained
in the parent of P in Ci−1.
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3. An example

Let p be a prime number and fix a primitive p-root of unity ζ. Consider the arrangement
Ap = {ℓ1, . . . , ℓ2p+2} with lines:

ℓ1 : x− y = 0, ℓ2 : x− ζy = 0, ℓ2i+1 : x+ ζiz = 0 and ℓ2i+2 : ζ
−iy + z = 0,

for i ∈ {1, . . . , p}. The multiple points of Ap are the two points of multiplicity p:

{ℓ3, ℓ5, . . . , ℓ2p+1} and {ℓ4, ℓ6, . . . , ℓ2p+2},
and the 2p triple points given by:

{ℓ1, ℓ2i+1, ℓ2i+2} and {ℓ2, ℓ2i+2, ℓ[2i]+3}
for i ∈ {1, . . . , p}, where [a] is the value of a modulo 2p such that 0 ≤ [a] < 2p.

Consider the elementary perturbation C̃(Ap) on C(Ap) at (ℓ2p+2, {ℓ2, ℓ3, ℓ2p+2}). Let ω0

be the following order on C̃(Ap):
(ℓ1, . . . , ℓ2p+2) 7−→ (5, 6, 1, 2, 3, 4, 7, 8, . . . , (2p+ 2)).

We have that τ(C̃(Ap), ω0) = (0, 0, 0, 0, 2, 1, 2, 2 . . . , 2, 2). So C̃(Ap) is inductively connected,
and thus it is a 1-perturbation of C(Ap). Using the rules (R1)-(R2)-(R3)-(R4), we can
compute that:

Λp : (ℓ1, . . . , ℓ2p+2) 7−→ (0, 1, 0, 0, 0, 0, 1, 1, 2, 2, . . . , p− 2, p− 2).

By Theorem 2.3, we obtain that M(Ap) has at most Λp(ℓ2) + Λp(ℓ3) + Λp(ℓ2p+2) =
1 + 0 + (p− 2) = p− 1 connected components.

On the other hand, a direct computation shows that the dimCM(A) = 0 and also Ap ∈
M(A) for any choice of primitive p-root of unity ζ. We conclude that #CC(M(Ap)) = p−1
and we have shown that the bound of Theorem 2.3 is sharp.
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ALGORITHMS ON JANET-LIKE BASES

RODRIGO IGLESIAS, MATTHIAS ORTH, AND EDUARDO SÁENZ-DE-CABEZÓN

Abstract. Involutive divisions assign sets of multiplicative/non-multiplicatie variables to
each term of a set in the polynomial ring in n variables. These assignments give rise to
involutive bases, which are a type of Gröbner basis with additional combinatorial proper-
ties. Some of these involutive divisions, in particular the so called Janet and Pommaret
divisions have particularly interesting algebraic properties and are efficient tools for com-
puting homological invariants of the ideal. A more compact version of involutive bases are
known as involutive-like basis, which present some computational and structural advan-
tages. We describe some properties of involutive-like bases and provide here algorithms
for the completion of Janet and Janet-like monomial bases, as well as some comparisons
among different approaches for such completions.

1. Involutive divisions

Involutive bases were introduced in [2] as a type of Gröbner bases with additional combi-
natorial properties. Janet and Pommaret bases are particular kinds of involutive bases with
strong relations to commutative algebra and algebraic geometry[3, 9, 10, 8].

Definition 1.1. An involutive division L is defined on the Abelian monoid (Nn0 ,+), if for
any finite set N ⊂ Nn0 a subset NL,N (ν) ⊆ {1, . . . , n} of multiplicative indices is associated
to every multi index ν ∈ N such that the involutive cones CL,N (ν) = ν + NnNL,N (ν) satisfy
the following two conditions.

(1) If there exist two elements µ, ν ∈ N with CL,N (µ) ∩ CL,N (ν) ̸= ∅, either CL,N (µ) ⊆
CL,N (ν) or CL,N (ν) ⊆ CL,N (µ) holds.

(2) If N ′ ⊂ N then NL,N (ν) ⊆ NL,N ′(ν) for all ν ∈ N ′.

Let k be some arbitrary field, we might of course also identify any multi index ν ∈ Nn0
with the corresponding monomial xν ∈ R = k[x1, ..., xn]. This identification makes the
concept of division more intuitive. Let us also denote by XL,N (ν) and XL,N (ν) the sets
of multiplicative and non-multiplicative indices (or variables) respectively. We say that ν
divides L-involutively µ, written ν|L,N µ, if xν |xµ (in the ordinary way), and furthermore
xµ−ν ∈ k[XL,N (ν)].

Definition 1.2. Let L be an involutive division and N ⊂ Nn0 a finite set. Let furthermore
(ν(1), . . . , ν(t)) be a finite sequence of elements of N where every multi index ν(k) with k < t

has a non-multiplicative index jk ∈ XL,N (ν(k)) such that ν(k+1)|L,N ν(k)+1jk . The division
L is continuous, if any such sequence consists only of distinct elements, i. e. if ν(k) ̸= ν(l)

for all k ̸= l.

The fisrt and third authors are partially funded by grant PID2020- 116641GB-100 funded by MCIN/
AEI/ 10.13039/501100011033. Furthermore, third author will be the one to give the talk at EACA 2024.
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Continuous divisions allow constructive algorithmical completion processes, i.e., given a
set of terms, there is an algorithmic way to complete it to an involutive basis. The Janet
division is continuous, and furthermore noetherian, which means that every set of terms
has a finite completion to an involutive basis. These two properties together make Janet
division a particularly useful type of involutive division.

2. Janet-like bases

Janet-like bases for ideals in a polynomial ring were introduced by Gerdt and Blinkov
[5, 6] as a generalization of the concept of Janet bases. Both Janet and Janet-like bases are,
in turn, special types of Gröbner bases with additional combinatorial properties.

Both kinds of bases arise from a restriction of the divisibility relation between monomials
via multiplicative and non-multiplicative variables (for Janet bases) and additionally, non-
multiplicative powers (for Janet-like bases). We will mainly make use of the concept of non-
multiplicative powers; they are best understood via their relation to Janet non-multiplicative
variables. See [4, 9, 10] for an introduction to involutive bases, in particular Janet bases.
See [7] for an account on the computational aspects of involutive-like bases.

Definition 2.1. Let R = k[x1, . . . , xn] = k[X ] be a polynomial ring, and let xµ be a
monomial of R contained in a finite set of monomials U ⊂ R.

(1) A variable xi is Janet non-multiplicative for xµ if there is a monomial xν ∈ U such
that degxi(x

ν) > degxi(x
µ) and degxj (x

ν) = degxj (x
µ) for all i < j ≤ n. We write

X J,U (xµ) for the set of all Janet non-multiplicative variables of xµ.
(2) Let xi ∈ X J,U (xµ), then there is a minimal positive integer pi among the differences

degxi(x
ν) − degxi(x

µ) where xν ∈ U and degxj (x
ν) = degxj (x

µ) for all i < j ≤ n.
We call xpii a Janet-like non-multiplicative power of u and we write NMPJ,U (x

µ) for
the set of all non-multiplicative powers of u.

(3) A monomial xω ∈ R is called a Janet-like multiplier for xµ ∈ U if no element of
NMPJ,U (x

µ) divides xω (in the ordinary sense).

Janet-like bases are Gröbner bases that also respect the Janet-like divisibility restrictions
for leading terms:

Definition 2.2. Let I ⊂ R be a polynomial ideal and let ≺ be a monomial order on R.
A finite set H ⊂ I \ {0} is called a Janet-like basis of I if the leading terms of H are
distinct and for any f ∈ I \ {0}, its leading term lt≺(f) is Janet-like divisible by one of the
leading terms of H, i.e., there is h≺ ∈ H such that lt≺(f)/lt≺(h) is a Janet-like multiplier
for lt(h) ∈ lt(H). In which case we write lt≺(h) |JL,H lt≺(f) to express that lt≺(h) divides
lt≺(f) w.r.t. the Janet-like division.

3. Algorithms

The noetherian property of the Janet division is inherited by the Janet-like division, and
hence a completion algorithm is available for every monomial ideal, see [7]. In particular,
a Janet-like basis is a more compact version of the Janet basis; furthermore, it contains
enough information to recover the Janet basis. We have coined this process of recovering
the Janet basis of an ideal from a given Janet-like basis as "filling in the gaps". Our tests

75



ALGORITHMS ON JANET-LIKE BASES 3

show that in general it is more efficient to build the Janet-like basis and then fill in the gaps
to turn it into a Janet basis than it is to build the Janet basis directly.

In this work we will present a C++ implementation of an optimized algorithm for the Janet-
like completion algorithm, using the computer algebra library CoCoALib[1]. The experiments
show that this implementation is a lot more efficient when compared to the existing ones.
The following is the algorithm that was implemented:

Algorithm 1 Monomial Janet-Like completion
Input: Minimal monomial generating set G(I) of I ⊂ R = k[x1, . . . , xn].
Output: Minimal Janet-Like basis H of I.

1: SortLex
(
G(I)

)
▷ Sorts the generators lexicographically in increasing order.

2: H ← {[g,NMP (g)] | g ∈ G(I)} ▷ NMP (g) ∈ Nn0 → Non-mult exponents of g in G(I).
3: k ← SizeOf

(
G(I)

)

4: for i = 1, . . . , k do
5: for j = 1, . . . , n do
6: pj ← NMP (hi)j ▷ Non-mult power of the variable xj for hi in H.
7: if pj > 0 then
8: h← hi · xpjj
9: ℓ← min{i | hi ∈ H, h ≺lex hi}

10: flag ← true
11: q ← i+ 1
12: while q < ℓ and flag do
13: if hq |JL h then
14: flag ← false
15: end if
16: q ++
17: end while
18: if flag then
19: Insert

(
[h,NMP (h)], ℓ,H

)
▷ Adds new elem without altering lex order.

20: k ++
21: for r = ℓ, . . . , i do
22: AdjustNMP(hr)
23: end for
24: end if
25: end if
26: end for
27: end for
28: return H

If one were to substitute line 8 of Algorithm 1 for "h← hi · xj", then one would instead
get the minimal Janet basis from the Algorithm. Alternatively, we propose the following
algorithm for completing Janet Like bases into Janet bases:
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Algorithm 2 Filling in the gaps method for Janet-Like basis
Input: Minimal Janet-Like basis H of I ⊂ R = k[x1, . . . , xn].
Output: Minimal Janet basis J of I.

1: J ← ∅, k ← SizeOf
(
H
)

2: for i = 1, . . . , k do
3: XJ

(
h
)
← {xj | xpj,ij ∈ NMP (hi)} ▷ NMP are now non-mult powers of variables.

4: for ∀xp ∈ Mon
(
k
[
XJ
(
h
)]/

k
[
NMPJL(hi)

]) do

5: h← hi · xp
6: PushBack(

[
h,XJ

(
h
)]
,J )

7: end for
8: end for
9: return J
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SOME CLASSICAL RESULTS IN ALGEBRA NEEDING ONE OR
SEVERAL CONSTRUCTIVE VERSIONS

HENRI LOMBARDI

Abstract. We present some classical results in Algebra for which it should be relevant
to give one or several constructive versions with constructive proofs.

Introduction

We present some classical results in Algebra for which it should be relevant to give one
or several constructive versions with constructive proofs.

The Computer Algebra community has produced algorithms for several particular cases of
the classical results we present and for which a constructive proof is needed in full generality.

A general constructive proof can also give useful hints for efficient algorithms.
Nevertheless many constructive theorems that use an hypothesis assuming a bound on the

Krull dimension of a commutative ring, as e.g. those given in ?, remain nowadays without
efficient implementation.

The constructive terminology we use can be found in ? and ?.

1. Maximal ideals, maximal spectrum

(1) Let K be a discrete field, the Jacobson radical of a finitely presented K-algebra is
the nilradical.

(2) Let Z be the ring of integers, the Jacobson radical of a finitely presented Z-algebra
is the nilradical.

(3) Decipher the “quick and dirty proof” of the Nullstellensatz given in [?, Eisenbud]
Exercise 4.29 and an analogous argument in Exercise 4.31 (here he uses a cardinality
argument).

(4) Decipher the proof of the Nullstellensatz given by Eisenbud using the notion of
Jacobson rings (rings where prime ideals are intersections of maximal ideals)
We need a constructive version of the following theorem, and a way to prove a (new?)
constructive form of the Nullstellensatz.
Theorem 4.19 (Nullstellensatz—General form ?). Let R be a Jacobson ring. If S
is a finitely generated R-algebra, then S is a Jacobson ring. Furthermore, if n ⊆ S
is a maximal ideal, then m := n ∩ R is a maximal ideal of R, and S/n is a finite
extension field of R/m.
Let us recall (?) that a distributive lattice is called a weakly Jacobson lattice if each
principal ideal is equal to its Jacobson radical, in other words if

(1) ∀a, b ∈ T [ (∀x ∈ T (a ∨ x = 1 ⇒ b ∨ x = 1)) ⇒ a ⩽ b ]

Date: April 26, 2024.
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A ring R is said to be weakly Jacobson if ZarR is a weakly Jacobson lattice. In
other words for each finitely generated ideal a, the nilradical is equal to the Jacobson
radical.

(5) Two papers give interesting results for Noetherian rings whose maximal spectrum
has dimension ⩽ 1.
Collect. Math. 48, 1–2 (1997), 85–96 (Proc. Journées Arithmétiques 1995) A
differential criterion for complete intersections. B. de Smit.
Journal of Algebra 196, 520–531 (1997). Finite Complete Intersection Algebras and
the Completeness Radical. B. de Smit and Lenstra.
It should be relevant to give constructive versions, perhaps non-Noetherian ones,
using Heitmann dimension. The second paper is partly deciphered in ?.

2. Integral closures

(1) ? Theorem 4.14 (Emmy Noether). If R is a finitely generated domain over a field
or over the integers, and L is a finite extension field of the field of fractions of R,
then the integral closure of R in L is a finitely generated R-module.

Eisenbud says that this theorem can be proved using the Noether position theorem
for a finitely presented algebra over a discrete field.
Theorem 4.14 in Eisenbud (by Emmy Noether) has been proved constructively or
given with algorithms in Computer Algebra by many authors. See e.g. ? and ? in
constructive mathematics, and ? and ? for Computer Algebra.

Nagata proved the theorem holds when replacing Z with any integrally closed
Noetherian domain of dimension ⩽ 2.
A constructive proof of Nagata’s theorem should be given assuming a constructive
form of the hypotheses: the ring has to be strongly discrete and coherent and the
extension of the field of fractions has to be finitely presented. These facts are always
provable in classical mathematics. A constructive approach to Noetherian strongly
discrete coherent rings can be found in ?.

Some constructive results use a stronger characterization of Noetherian rings than
the one in ?. One finds a discussion on different constructive version of Noetherianity
in ?.

3. Étale algebras

A basic étale R-algebra is an algebra S = R[x1, . . . , xn] = R[X1, . . . , Xn]/(f1, . . . , fn)
when the Jacobian matrix is invertible in S.

Flatness.
(1) Let S = R[x1, . . . , xn] = R[X1, . . . , Xn]/(f1, . . . , fn) be a basic étale R-algebra. Find

a constructive proof that S is flat over R.
(a) The result is equivalent to flatness of smooth algebras. The case of a stan-

dard smooth algebra implies the general case: a standard smooth presentation
is given in the form S = R[x1, . . . , xn] = R[X1, . . . , Xn]/(f1, . . . , fr), r ⩽ n,
such that the Jacobian matrix has its first (r × r)-minor invertible in S. A
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smooth algebra is a finitely presented algebra where we have elements s1, . . . ,
sℓ comaximal in S such that each S[1/si] has a standard smooth presentation.

(b) In ? Theorem 2.13, Chapter 17 gives a proof in the case of Noetherian rings
without using ZMT. It seems easier to decipher constructively this proof than
the proof in Stacks.

(c) In ? the flatness is proved for “syntomic algebras”. In fact the crucial case
is for “globally complete intersection algebras” with the following definition.
Note: we think that this constructive definition is equivalent to the one given
in Stacks. For a constructive approach to the notion of depth see ?.
A finitely presented algebra ρ : R → S is said a globally complete intersection
when it is isomorphic to a k-algebra R[X1, . . . , Xn]/⟨f1, . . . , fr⟩ where the se-
quence (f1, . . . , fr) has depth (true-grade) ⩾ r.
NB. The proof in Stacks is not constructive, and it does not use the ZMT.

(2) Let S = R[x1, . . . , xn] = R[X1, . . . , Xn]/(f1, . . . , fs) be a finitely presented algebra.
Find a constructive proof that if S is unramified and flat over R, then it is étale.

Local structure theorem. Following a suggestion of Laurent Moret-Bailly an R-algebra
is said to be standard if it is isomorphic to an algebra [R[X]/⟨f(X)⟩][1/g(x)] (where f, g ∈
R[X], f monic and x is X viewed in the quotient R[X]/⟨f(X)⟩= R[x]).

(1) Let R = Z[a0, . . . , an] and the basic étale R-algebra

S = R[x, y] = R[X,Y ]
/〈
f(X), Y f ′(X)− 1

〉

where f =
∑n

k=0 akX
k. Find comaximal elements s1, . . . , sr in S such that each

S[1/sk] is standard over R.
(2) More generally, for an arbitrary basic étale R-algebra S, construct comaximal ele-

ments s1, . . . , sr in S such that each S[1/sk] is standard over R.
You can use constructive versions of the ZMT given in ?.

4. Artinian rings

(1) Let R be a strongly discrete coherent Noetherian zero-dimensional ring. It should be
useful to find a constructive proof for a constructive form of the following classical
result: any finitely generated ideal has a finite length.

5. Real algebra

(1) Consider the following classical result. Let R be a real closed field. A continuous
semialgebraic function f : Rn → R is always a point with coordinates in R in a
continuous family ϕ : S × Rn → R defined over Q, and S is a semialgebraic closed
set defined over Q. So f(.) = ϕ(s, .) for an s ∈ S.
A simple example is given by

f(x, y) =
√
a2x2 + abxy + b2y2,

which is the point with coordinates (a, b) in the continuous family

ϕ(a, b, x, y) =
√
a2x2 + abxy + b2y2, with S = R2.
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We need a constructive proof in the case of a discrete real closed field R. If we have
such a constructive proof, we are able to give a constructively acceptable version
of the usual definition given in classical mathematics for a semialgebraic continuous
function f : Rn → R. This usual definition, the poinwise continuity, requires a
quantification over all elements of Rn, which is not manageable constructively. So
we can replace this classical definition by an equivalent one (equivalent in classical
mathematics). This is the following one:
A semialgebraic continuous function f : Rn → R is a point with coordinates in R
in a continuous family ϕ : S × Rn → R defined over Q, where S is a semialgebraic
closed set defined over Q.
This is the same trick as the one given in ? where he defines continuous functions
f : Rn → R as functions which are uniformly continuous over any closed bounded
cube.

More details in http://hlombardi.free.fr/Reels-geometriques.pdf.
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HAMMING WEIGHT DISTRIBUTIONS OF CODES THAT ARE

LINEAR OVER A SUBFIELD

UMBERTO MARTÍNEZ-PEÑAS AND RUBÉN RODRÍGUEZ-BALLESTEROS

Abstract. In this work, we study linear codes endowed with the block Hamming dis-
tance, or equivalently, codes with the classical Hamming distance that are linear over a
sub�eld. This includes additive codes. We study MDS codes in this setting and de�ne
quasi-MDS (QMDS) codes and dually QMDS codes, which attain a more relaxed variant
of the classical Singleton bound. We then provide MacWilliams equations and the weight
distribution of dually QMDS codes, which only depends on their parameters and not on
the codes. We conclude with a lower bound on the �eld size of dually QMDS codes.

1. Singleton Bound and QMDS Codes

In this section, we provide a relaxed version of the Singleton bound and de�ne QMDS
and dually QMDS codes. In the following, Fq denotes the �nite �eld with q elements. We
will also denote [n] = {1, 2, . . . , n}.
De�nition 1.1. For c = (c1, . . . , cn) ∈ Fnrq , where ci ∈ Frq for i ∈ [n], its block Hamming
weight is wtB(c) = |{i ∈ [n] : ci 6= 0}|. We de�ne the block Hamming distance as dB(c,d) =
wtB(c− d) for c,d ∈ Fnrq . The minimum distance of C ⊆ Fnrq is denoted by d(C).

Clearly, Fq-linear codes in Fnrq with the block Hamming distance are the same as Fq-
linear codes in Fnqr with the classical Hamming distance. In the second case, Fqr -linear
codes would be included in our study. However, we will focus on duality based on the usual
inner product in Fnrq , which is not Fqr -bilinear when considered in Fnqr . In particular, we
consider a di�erent duality than in the classical case. Moreover, notice that additive codes
over general �nite �elds are included in our study by choosing q to be prime and r arbitrary.

From now on, a code means an Fq-linear code in Fnrq and C⊥ ⊆ Fnrq denotes the dual of
a code C ⊆ Fnrq with respect to the usual (Fq-bilinear) inner product in Fnrq . If k = dim(C)
and d = d(C), we say that C ⊆ Fnrq is a code of type [n, r, k, d].

In Item 2 in the following proposition, we provide a relaxed form of the classical Singleton
bound, which is Item 1. The proof is straightforward.

Proposition 1.2. Let C ⊆ Fnrq be a code of type [n, r, k, d]. Then

(1) k ≤ r(n− d+ 1), and
(2) d ≤ n− dkr e+ 1 = n− bk−1

r c.
As usual, a code is MDS if it attains the bound in Item 1. If r | k (necessary for the code

to be MDS), then both bounds coincide. However, when r - k, the second bound may be
attained but the �rst one cannot. This motivates the following de�nition.

La ponencia en el Encuentro EACA 2022 ha sido presentada por el segundo autor.
1
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De�nition 1.3. We say that a code of type [n, r, k, d] is quasi-MDS or QMDS if d =
n− dkr e+ 1 = n− bk−1

r c.
In particular, a classical MDS code is also QMDS. It is known that the dual of an MDS

code is also MDS, also for the block Hamming distance [2]. However, it is not di�cult to
�nd an example of a QMDS code whose dual is not QMDS. This motivates the following.

De�nition 1.4. A code is dually QMDS if both itself and its dual are QMDS.

2. MacWilliams Equations

In this section, we obtain MacWilliams equations for the block Hamming distance, which
are new to the best of our knowledge. The classical equations are obtained when r = 1.

De�nition 2.1. Let C be a code of type [n, r, k, d]. The block weight distribution of C is
de�ned as the numbers Aj (C) = |{c ∈ C : wtB(c) = j}|, for j = 1, . . . , n.

De�nition 2.2. Given I ⊆ [n], we de�ne πI : Frnq → Fr|I|q by (ci)i∈[n] 7→ (ci)i∈I , for c ∈ Fnrq .

For a code C ⊆ Fnrq , we de�ne C Ī = πI(C) (where Ī = [n] \ I) and CI = πI(C ∩ ker(πI)).

Theorem 2.3 (MacWilliams Equations). Let C be a code of type [n, r, k, d], and let

Aj = Aj (C) and A⊥j = Aj
(
C⊥
)
, for j = 1, . . . , n. Then, for v = 0, 1, . . . , n,

n−v∑

j=0

(
n− j
v

)
Aj = qk−vr

v∑

j=0

(
n− j
n− v

)
A⊥j .

Proof. Denote k = dim (C) and k1 = dim
(
C Ī
)
. We have

(1)
n−v∑

j=0

(
n− j
v

)
Aj =

∑

|I|=v
qk−k1 ,

for v = 0, . . . , n, since both sides count the pairs (c, I) such that c ∈ C, I ⊆ [n], |I| = v, and

πI(c) = 0. First, for c ∈ C such that wt(c) = j, there are
(
n−j
v

)
possible v-tuples of blocks

of zeros within the word c. Second, given I ⊆ [n] with |I| = v, there are qk−k1 words of C
with zeros in the v blocks of I, since dim (C ∩ ker(πI)) = dim (C)− dim (πI(C)) = k − k1.

Next, the right-hand side of (1) equals

(2) qk−vr
∑

|I|=v

∣∣∣∣
(
C Ī
)⊥∣∣∣∣ = qk−vr

∑

|I|=v

v∑

j=0

Aj

((
C Ī
)⊥)

= qk−vr
v∑

j=0

∑

|I|=v
Aj

((
C Ī
)⊥)

.

Now we prove that

(3)
∑

|I|=v
Aj

((
C⊥
)
Ī

)
=

(
n− j
v − j

)
A⊥j .

Both numbers count the possible pairs (c, I) such that c ∈ C⊥, wtB(c) = j, I ⊆ [n],
|I| = v − j, and πI(c) = 0. First, for I ⊆ [n] with |I| = v − j, there are Aj

((
C⊥
)
Ī

)
words

of C⊥ with weight j and with zeros in the v − j blocks of I. Second, for c ∈ C⊥ such that
wtB(c) = j, there are

(
n−j
v−j
)
possible (v − j)-tuples of blocks of zeros within c.
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The theorem follows by using that (1) and (2) are equal, and applying (3) together with(
C Ī
)⊥

=
(
C⊥
)
Ī
(see [3, Th. 1.5.7]). �

3. Weight Distribution of Dually QMDS Codes

In this section, we compute the weight distribution of dually QMDS codes. As in the
classical MDS case, the weight distribution of dually QMDS codes only depends on their
parameters, i.e., two dually QMDS codes of the same parameters have the same distribution.

The following lemma can be proven as in [3, Cor. 1.4.14 & Th. 1.4.15].

Lemma 3.1. Let C be a code of type [n, r, k, d], G one of its generator matrices and H one

of its parity-check matrices.

(1) C is QMDS if and only if any k×rdkr e submatrix of G formed by dkr e complete blocks

has maximum rank k.
(2) C is QMDS if and only if any (nr−k)×r(n−dkr e) submatrix of H formed by n−dkr e

complete blocks has maximum rank r(n− dkr e).
Lemma 3.2. Let C be a dually QMDS code of type [n, r, k, d]. Given I ⊆ [n], we have

dim(CI) =

{
k − r|I| if r|I| ≤ k,
0 if r|I| > k.

Proof. First, if r|I| > k, then |I| ≥ dkr e. Since C is QMDS, we may apply Item 1 in Lemma

3.1 and we have dim (πI(C)) = k, thus dim
(
CI
)

= dim(C)− dim (πI(C)) = k − k = 0.

Second, if r|I| ≤ k, then |I| ≤ bkr c = n−dnr−kr e = n−ddim(C⊥)
r e. Since C⊥ is QMDS, we

may apply Item 2 in Lemma 3.1 to a generator matrix of C (i.e., a parity-check matrix of
C⊥), and we have dim(πI(C)) = r|I|, thus dim

(
CI
)

= dim(C)− dim (πI(C)) = k − r|I|. �
Using Lemma 3.2, we may prove the main result of this section.

Theorem 3.3. Let C be a dually QMDS code of type [n, r, k, d]. Then A0 = 1, Aj = 0 for

all j ∈ [d− 1], and if d ≤ j ≤ n, then

Aj =

(
n

j

) j−d∑

i=0

(−1)i
(
j

i

)(
qk−r(n−j+i) − 1

)
.

Proof. The only non-trivial cases are those with d ≤ j ≤ n. By Lemma 3.2, for I ⊆ [n],

(4) |CI | =
{
qk−r|I| if r|I| ≤ k,
1 if r|I| > k.

De�ne Nt =
∑
|I|=t |CI |. Nt counts the number of words in C with block weight ≤ n − t,

counted once for each CI they appear in, where |I| = t. By (4), we have

Nt =

{ (
n
t

)
qk−rt if rt ≤ k,(

n
t

)
if rt > k.

By the inclusion-exclusion principle, we deduce that

Aj =

j∑

i=0

(−1)i
(
n− j + i

i

)
Nn−j+i =
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b k
r
c+j−n∑

i=0

(−1)i
(
n− j + i

i

)(
n

n− j + i

)
qk−r(n−j+i)+

j∑

i=b k
r
c+j−n+1

(−1)i
(
n− j + i

i

)(
n

n− j + i

)

Using
(
n−t
i

)(
n
n−t
)

=
(
n
t−i
)(
t−i
i

)
and

∑j
i=j−v+1(−1)i

(
j
i

)
= −∑j−v

i=0 (−1)i
(
j
i

)
, we obtain

Aj =

(
n

j

) b kr c+j−n∑

i=0

(−1)i
(
j

i

)(
qk−r(n−j+i) − 1

)
,

when d ≤ j ≤ n. The formula in the theorem now easily follows by using d = n−dkr e+1. �
As a consequence, we deduce the following lower bounds on the �eld size of dually QMDS

codes, extending the known bounds for MDS codes [3, Cor. 7.4.3] (recall that tighter bounds
for MDS codes hold for prime �elds [1], coinciding with the MDS conjecture).

Corollary 3.4. Let C be a dually QMDS code of type [n, r, k, d] and denote d⊥ = d(C⊥).
Assume that k = rbkr c+ r′, where 0 < r′ < r.

(1) If k > r, then d = n− bkr c ≤ qr − 1 + qr−1

qr′−1
.

(2) If k < r(n− 1), then d⊥ = dkr e ≤ qr − 1 + qr−1

qr′−1
.

In particular, if r < k < r(n− 1), then n ≤ 2qr + 2 qr−1

qr′−1
− 3.

Proof. We only need to prove Item 1 by duality. It is easy to see that dkr e = bkr c+ 1 since

0 < r′ < r. In particular, we have dkr e = bkr c + 1 ≥ 2 since k > r, which means that

d = n− dkr e+ 1 ≤ n− 1. Thus we may consider Ad+1. By Theorem 3.3, we have that

Ad+1 =

(
n

d+ 1

)(
qk+r(d+1−n) − 1− (d+ 1)

(
qk+r(d−n) − 1

))
≥ 0.

Using that k + r(d − n) = k − rbkr c = r′, the last inequality is equivalent to qr
′+r − 1 ≥

(d+ 1)
(
qr

′ − 1
)
. Therefore

d+ 1 ≤ qr
′+r − 1

qr′ − 1
=
qr

′+r − qr + qr − 1

qr′ − 1
= qr +

qr − 1

qr′ − 1
.

Finally, n ≤ 2qr + 2 qr−1

qr
′−1
− 3 follows by combining Items 1 and 2 with dkr e = bkr c+ 1. �
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STABLE RANK ANALYSIS APPLIED TO SEMI-SUPERVISED
LEARNING

DANIEL MIGUEL, ANDREA GUIDOLIN, AND ANA ROMERO

Abstract. We illustrate how methods from topological data analysis can be applied to
semi-supervised learning. Specifically, we consider invariants called stable ranks to com-
pare the unlabeled points of a dataset to the labeled points, with the aim of extending the
classification. We apply our method to different datasets, and we discuss the possibilities
offered by the use of stable ranks.

Introduction

Persistent homology [7], one of the main methods of topological data analysis (TDA),
summarizes the emergence and disappearance of topological features in a filtration of topo-
logical spaces, producing an invariant that has found numerous applications in data analysis.
In TDA, when the starting point is a set endowed with a notion of distance (e.g. a metric),
the first step usually consists in representing the data as a filtration of simplicial complexes,
using for example the Vietoris–Rips or the Čech filtration. Applying homology (in a fixed
degree and with coefficients in a fixed field F) to the filtration, one obtains a persistence mod-
ule, that is a functor M : [0,∞)→ vectF from the poset of nonnegative real numbers to the
category of finite dimensional F-vector spaces. The decomposition of persistence modules
into indecomposables, each of which can be described by a pair of real numbers, provides an
invariant which completely characterizes the persistence module (up to isomorphism) and
which is usually represented as a barcode or as a persistence diagram.

Since the space of all persistence modules lacks a linear structure, in applications to data
analysis the invariant of persistent homology is often further transformed. For example,
several vectorization methods have been proposed (e.g. persistence landscapes [4], persis-
tence images [1]), each consisting in a function from the space of all persistence modules
to a vector space. Using these vectorization methods, one gains access to a wealth of well-
developed statistical methods that are useful for further analysis based on the invariants of
persistent homology.

The stable rank method [8, 5] transforms a persistence module into a nonincreasing
piecewise linear function from [0,∞) to N, called a stable rank. Importantly, stable ranks
depend on a choice of a pseudometric between persistence modules, and satisfy a stability
result with respect to it [8]. Starting from the barcode of a persistence module, stable
ranks can be efficiently computed with respect to several pseudometrics between persistence

Partially funded by grant PID2020-116641GB-I00, MICIU/AEI/10.13039/501100011033, project Inicia
2023/02 funded by La Rioja Government (Spain), by the dBrain collaborative project at Digital Futures at
KTH, by the Strategic Support grant of the Digitalisation Platform at KTH and by the Data Driven Life
Science (DDLS) program funded by the Knut and Alice Wallenberg Foundation.

The talk at the meeting EACA 2024 has been given by the first author.
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modules, including the interleaving distance [5], Wasserstein distances [3], and a large family
of distances involving some transformations of the domain [0,∞) of the persistence module,
called contours [5]. Considering a large space of distances makes stable ranks a very flexible
method, which can be effectively adapted to the task at hand.

Our work applies TDA methods to semi-supervised learning. In particular, we consider
a situation similar to [6], and use stable ranks for our analysis. Given a dataset and two
subsets whose points are labeled, we consider the task of labeling the rest of the points.
To achieve the classification, we analyze the topological structure of the already–labeled
subsets via the stable ranks, which we then use for a comparison with the remaining points.

1. A first approach

Our input is a dataset of points in a metric space. Some of the points are already labeled.
We call them zeros and ones. Given an unlabeled point p, we represent it as a piecewise
constant function obtained via the stable rank method. Our goal is to extend the labeling
to all the points of the dataset.

We describe here the general strategy we considered for the task, followed by details on
the specific choices we made.

1. First, we notice that we have two different labeled sets, so we decide to compute
two functions: one with respect to the zeros and one with respect to the ones.

2. Following a procedure for topological analysis described in [2], we fix an unlabeled
point p and repeatedly subsample the set of points of interest (for example, the
zeros). The subsampling procedure, which involves a choice of a size of the sample,
is carried out using a chosen probability distribution on the distances of the points
of interest from the fixed point p.

3. We compute the stable rank of that set of sampled points. This involves a choice of
a filtration, contour function, homological degree and field of coefficients.

4. In order to obtain a more robust invariant associated with any fixed point p, we
repeat the subsampling procedure 100 times, and we compute the average stable
rank. We get two piecewise constant functions, denoted sr0p and sr1p (to be read
"average stable rank of the zeros/ones with respect to p").

5. To assign a label to the point p, we would like to compare sr0p with some functions
sr00 and sr01 (and similarly for sr1p).

6. For each point with label zero we repeat the process that has been described in steps
2-4, obtaining again two functions. We chose to consider the average for all the
zeros to obtain only two functions, called sr00 and sr10. Similarly we obtain sr01
and sr11.

7. We choose a distance d between piecewise constant functions and assign the zero
label to p if

d0 := d(sr00, sr0p) + d(sr10, sr1p) < d(sr11, sr1p) + d(sr01, sr0p) =: d1.

We label p as one if the inequality above is in the other direction.
8. Finally, following [6] we can also set a threshold to be used at the moment of

assigning a label, so that a point p is not labeled in cases of high uncertainty. More
specifically, if the ratio between max(d0, d1) and d0 + d1 is smaller than a threshold
th, we do not label the point.
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In our case, as first contact with the problem, we have made the following choices:
• The size of the sample is half the number of labeled points.
• The probability distribution of the distance from a fixed point p is a normal dis-

tribution centered at 0 and with standard deviation proportional to the maximal
distance of a labeled point from p.
• The contour function is the standard contour (see [8, 2, 5]).
• The homological degree is zero, and the field of coefficients is Z2. We use the python

package Ripser to compute the barcodes of persistence modules obtained via the
Vietoris-Rips filtration.
• We have set the same thresholds as in the original work [6].
• We have picked the distance l2 to measure the differences between stable ranks.

Again, following the pipeline of the original work [6], we use the same datasets (in order
to compare the results) to apply our methods. We train Support Vector Machine (SVM)
and Random Forest (RF) classifiers with the labeled data. We present the accuracy results
in Figure 1 for some specific thresholds (th), including the base results obtained before the
training.

Banknote Breast Cancer Ionosphere Prima indian Sonar
SVM RF SVM RF SVM RF SVM RF SVM RF

base 97.0 88.6 89.3 96.1 80.0 93.3 65.7 60.9 61.3 64.5
no th 87.9 89.0 89.3 90.3 76.7 86.7 66.4 66.4 58.1 54.8
th=0.2 84.4 87.1 36.0 36.0 76.7 86.7 66.4 66.4 58.1 54.8
th=0.4 88.2 86.0 36.0 36.0 76.7 76.7 66.4 66.4 58.1 54.8
th=0.6 90.5 89.0 36.0 36.0 80.0 96.7 66.4 67.8 54.8 58.1
th=0.8 89.8 87.5 36.0 36.0 80.0 93.3 65.7 60.8 61.2 64.5

Figure 1. Accuracy results for the SVM and RF classifiers. Best result
for each dataset is highlighted in bold face. The programs can be found at
https://github.com/DanielMT1997/EACA2024

2. Introducing a k-nearest neighbours labeling

As part of an ongoing work, we are refining the previous pipeline on several points. We
believe that the main issue of the previous approach is point 6., taking the average of all
the already labeled points to obtain sr00, sr11 sr01, and sr10. Instead, we propose to keep,
for each labeled point q, the functions sr0q0 and sr1q0 (if it is a zero) and sr1q1 and sr0q1 (if
it is a one).

Consequently, for point 7., we compute for each zero the distance

d(sr0q0, sr0p) + d(sr1q0, sr1p),

and for each one the distance

d(sr1q1, sr1p) + d(sr0q1, sr0p).

We choose an odd k, and we order all the previous distances for all the labeled points.
We label p as zero if among the k smallest distances there are more zeros, and we label it
to be a 1 otherwise.
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Moreover, we have implemented, for each dataset, a set of contour functions, in order to
take advantage of the flexibility of stable ranks, whose definition depends on the choice of
a pseudometric between persistence modules (here the different contours induce different
pseudometrics, hence different stable ranks). Finally, we are also implementing the previous
method combining homological degrees zero and one. In this case, we obtain four functions
for each point (two for each homological degree). The results of the implementation are
available at https://github.com/DanielMT1997/EACA2024.

3. Conclusions and further work

In our first approach, despite choosing standard parameters, we have managed to improve
the base results for two of the five datasets. The results in general are slightly worse than in
the original work [6], but the approach does not take advantage of the additional flexibility of
stable rank. However, we still managed to improve their best accuracy result for the fourth
dataset. We believe that our accuracy can be improved with a systematic optimization of
the parameters involved. In particular, we plan to search the large space of contours by
randomly generating and selecting contours or via a gradient descent technique as in [3].

In the second approach, we carry out a more exhaustive analysis to determine which
type of contours are best for semi-supervised learning, and we consider a different labeling
method. So far, our results have not been any better. Therefore, as future work, we plan
to refine the previous method in order to improve the outcomes.
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A NEW CRITERION FOR THE POSITIVITY OF SYMMETRIC

POLYNOMIALS OF DEGREE 6

ROMUALDO E. MIRA AND ANTONIO DÍAZ-CANO

Abstract. Since 1888, when Hilbert published his fundamental result on the relation-
ship between non-negative polynomials and sums of squares, cf. [1], the Real Algebraic
Geometry has undergone an extraordinary development, especially in the last decades.
The aim of this note is to give a new positivity criterion for symmetric polynomials of
degree 6. This criterion says that a real symmetric polynomial of degree 6 in n variables
that satisfy certain property is non-negative on Rn if and only if it is non-negative on the
subset of points of Rn with two distinct components.

Introduction

One of the central problems in Real Algebraic Geometry is that of the non-negativity of
polynomials. In this note we consider symmetric polynomials, that is, polynomials invariant
under the permutation of the variables. Symmetric polynomials are used extensively in many
�elds, see for example [2] and the many references therein.

In the paper [5] Timofte proved that a symmetric polynomial of degree d in n variables
is non-negative on Rn if and only if it is non-negative on the subset of points with at most
max{⌊d/2⌋, 2} distinct components. The purpose of this note is to prove an analogous result
for polynomials of degree 6 but reducing the number of distinct components from ⌊d/2⌋ = 3
to 2. We will closely follow the approach of Riener, cf. [3], who proved the results of Timofte
in an elementary way which is more convenient for our purpose.

The polynomial F ∈ R[X] := R[X1, . . . , Xn] is said to be symmetric if for any σ ∈ Sn
we have F (Xσ(1), . . . , Xσ(n)) = F (X1, . . . , Xn). The ring of symmetric polynomials will be

denoted by R[X]Sn . Given a point x ∈ Rn the number of distinct components of x will be
denoted as n(x) := #{x1, . . . , xn} and the set of points with at most k distinct components
by Ak := {x ∈ Rn |n(x) ≤ k}. The following theorem is proved in [3]

Theorem 0.1. Let F0, F1, . . . , Fm ∈ R[X]Sn be symmetric polynomials, d = degF0, K =
{x ∈ Rn |F1(x) ≥ 0, . . . , Fm(x) ≥ 0} and k := max{2, ⌊d/2⌋, degF1, . . . ,degFm}, then

inf
x∈K

F0(x) = inf
x∈K∩Ak

F0(x)

An immediate corollary of this theorem is the following:

Corollary 0.2 (Half-degree principle). Let F0 ∈ R[X]Sn be of degree d and let k :=
max{2, ⌊d/2⌋}. Then F0 ≥ 0 holds on Rn if and only if it holds on Ak.

Furthermore, there is x ∈ Rn with F0(x) = 0 if and only if there is x ∈ Ak with F0(x) = 0.

The second author has been partially supported by Grupo UCM 910444.
The talk at the meeting EACA 2024 will be given by the �rst author.
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In particular, the latter result says that checking whether a symmetric polynomial F of
degree 4 is positive semide�nite (psd for short) can be reduced to checking whether another

polynomial, say F̃ , in two variables (not necessarily symmetric) is also psd. By Hilbert's

theorem, cf. [1], the latter is equivalent to checking whether F̃ is sos (a sum of squares),
problem for which e�cient algorithms exist. The main result of this note is:

Theorem 0.3 (Third-degree principle for sextics). Let F ∈ R[X1, X2, X3]
S3 be a symmetric

polynomial of degree 6 and suppose that F (1, e2πi/3, e−2πi/3) ≤ 0 then F ≥ 0 on R3 if and
only if F ≥ 0 on A2. In particular, if F is homogeneous, F is positive semide�nite if and
only if F̃ (X1, X2) := F (X1, X2, X2) is psd if and only if F̃ is sos.

The result can be generalized for any number of variables as we shall see below. The
proof of these results relies on the fact that the set of zeros of symmetric polynomials can be
seen as a variety in the orbit space of Sn, which agrees with the coe�cient space of monic
real univariate hyperbolic polynomials, i.e., polynomials with only real roots.

1. Definitions and Preliminaries

It is well known that the elementary symmetric polynomials, cf. [4], de�ned as ek :=∑
1≤i1<i2<...<ik≤nXi1 . . . Xin , for k = 1, . . . , n, are algebraic independent generators of the

ring R[X]Sn , so that for any F ∈ R[X]Sn there is a unique G ∈ R[X] such that F =
G(e1, . . . , en). Then we have that

inf
x∈Rn

F (x) = inf
z∈H

G(z)

where H := {( e1(x), . . . , en(x) ) |x ∈ Rn}. By the classical Vieta formula

f =
n∏

i=1

(T − xi) = Tn − e1(x)Tn−1 + . . .+ (−1)nen(x)

we can write H as the set {z ∈ Rn |Tn− z1+ . . .+(−1)nzn has only real roots}. Moreover,
the sets Ak = {x ∈ Rn |n(x) ≤ k} can be identi�ed with Hk := {z ∈ H |Tn − z1Tn−1 +
. . .+(−1)nzn has at most k real roots}. Polynomials in R[T ] with only real roots are called
hyperbolic and one important result that shall be used below, cf. [3], is the following

Proposition 1.1. Let f ∈ R[T ] be a hyperbolic polynomial of degree d with k distinct roots.
a) If k = d, then for any polynomial g of degree at most d there exists δ > 0 such that for

−δ < ϵ < δ the polynomials f + ϵg are also hyperbolic with d distinct roots.
b) If k < d, then for each 1 ≤ s ≤ k, there is a polynomial gs of degree n− s and a δs > 0

such that for 0 < |ϵ| < δs the polynomials f + ϵg are hyperbolic with strictly more distinct
roots than f .

When we �x some of the coe�cients of the hyperbolic polynomials we have to consider the
subsets H(a1, . . . , as) = {z ∈ H | z1 = a1, . . . , zs = as} and Hk(a1, . . . , as) = {z ∈ Hk | z1 =
a1, . . . , zs = as}. Two important properties are, cf. [3],

Proposition 1.2. Let s ≥ 2. Then
a) The subset H(a1, . . . , as) is compact.
b) If H(a1, . . . , as) ̸= ∅ there is some z ∈ Hs(a1, . . . , as).
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2. Third degree principle for polynomials of degree 6

In this section we focus on symmetric polynomials of degree 6 and the �rst result has
to do with the way a polynomial of degree 6 can be written in terms of the elementary
symmetrical forms.

Proposition 2.1. Let F ∈ R[X]Sn be a symmetric polynomial of degree 6. Then there is a
unique polynomial G ∈ R[Z] such that

F (X) = G(e1, . . . , en) = ae23 + be6 + g1(e1)e5 + g2(e1, e2)e4 + g3(e1, e2)e3 + g4(e1, e2)

for some a, b ∈ R and polynomials g1, . . . , g4.

The coe�cient a plays an important role in the following, so we will say that the poly-
nomial F satis�es condition (A) if a ≤ 0. In the case F is homogeneous condition (A)

is equivalent to the inequality F (1, e2πi/3, e−2πi/3, 0, . . . , 0) ≤ 0 (just note that 1, e2πi/3 and

e−2πi/3 are the cube roots of unity so e1(z) = e2(z) = 0 and e3(z) = 1).

Proposition 2.2. Let F ∈ R[X]Sn be a symmetric polynomial of degree 6 that satis�es
condition (A) and suppose H(a1, a2) ̸= ∅. Let M denote the set of minimizers of the
quadratic problem

(P ) :

{
min az23 + bz6 + cz5 + dz4 + fz3 + r
z = (z1, . . . , zn) ∈ H(a1, a2)

with c = g1(a1), d = g2(a1, a2), f = g3(a1, a2), r = g4(a1, a2). Then M ∩H2(a1, a2) ̸= ∅.
Proof. Note that H(a1, a2) is a compact set (proposition 1.2) and f(z) = az23 + bz6 + cz5 +
dz4 + fz3 + r is a continuous function of z, thus there is at least one minimizer z.

In case a = b = c = d = f = 0, every point in H(a1, a2) is a minimizer but proposition
1.2 says that there is some z ∈ H2(a1, a2) and we are done. Otherwise, take a minimizer

z such that f̃(t) = t6 − a1t5 + a2t
4 − z3t3 + z4t

2 − z5t + z6 has the maximal number k of
distinct roots.

In case k = 6, by proposition 1.1, for small enough values of ϵi the polynomial gϵ(t) =
t6 − a1t5 + a2t

4 − (z3 + ϵ3)t
3 + (z4 + ϵ4)t

2 − (z5 + ϵ5)t + (z6 + ϵ6) also has k = 6 distinct
real roots. But z cannot be a minimizer since for some ϵi, az

2
3 + bz6 + cz5 + dz4 + fz3 + r >

a(z3 + ϵ3)
2 + b(z6 + ϵ6) + c(z5 + ϵ5) + d(z4 + ϵ4) + f(z3 + ϵ) + r, which is a contradiction.

Finally, suppose 3 ≤ k < 6. Using again proposition 1.1, there are yj , j = 3, . . . , 6 such
that the polynomial gϵ(t) = t6−a1t5+a2t4−(z3+ϵy3)t3+(z4+ϵy4)t

2−(z5+ϵy5)t+(z6+ϵy6)
has strictly more distinct roots than k. But for appropriate ϵ we have az23 + bz6 + cz5 +
dz4+ fz3+ r ≥ a(z3+ ϵy3)

2+ b(z6+ ϵy6)+ c(z5+ ϵy5)+ d(z4+ ϵy4)+ f(z3+ ϵy3)+ r, which
contradicts the maximality of k. □
Theorem 2.3 (Third degree principle for sextics). Let F ∈ R[X]Sn be a symmetric poly-
nomial of degree 6 that satis�es condition (A).

(I) Let K = {x ∈ Rn |F1(x) ≥ 0, . . . , Fm(x) ≥ 0} and max{degF1, . . . ,degFm} = 2.
Then

inf
x∈K

= inf
x∈K∩A2

F (x) .

(II) If F is homogeneous and n = 3 then F is psd if and only if F̃ (X1, X2) := F (X1, X2, X2)

is psd if and only if F̃ is sos.
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Proof. (I) If K = Rn, inf
x∈Rn

F (x) = inf
z∈H

G(z) = inf
(a1,a2)

(
min

z∈H(a1,a2)
G(z)

)
.

If K ⊊ Rn, as degFi ≤ 2 there are Gi such that Fi(x) = Gi(e1, e2), i = 1, . . . ,m.

Then de�ning K̃ := {(y1, y2) |G1(y1, y2) ≥ 0, . . . , Gm(y1, y2) ≥ 0},

inf
x∈K

F (x) = inf
(a1,a2)∈K̃

(
min

z∈H(a1,a2)
G(z)

)

In any case, the result follows from proposition 2.2.
(II) A minimizer of F can be found in A2, so it is clear that F is psd if and only if F̃

is psd. Finally, F̃ is a homogeneous polynomial in two variables and by Hilbert's
theorem is psd if and only if it is sos.

□

3. Examples

Example 3.1. Let Let F (x1, x2, x3) be the symmetric homogeneous polynomial

F =
∑

i ̸=j
x2ix

4
j +

∑

i<j

x3ix
3
j −

∑

(i,j)∈S3

xix
2
jx

3
k +

∑

i<j,k ̸=i,j
xixjx

4
k − 6x21x

2
2x

2
3

F satis�es condition (A) since F (1, e2πi/3, e−2πi/3) = 0 (also, it can be checked that F =

e21e
2
2 − e31e3 − e32 − 3e1e2e3). Then F̃ = 3x41x

2
2 − 6x21x

2
2 + 3x62 = 3x22(x

2
1 − x22)2 is psd so F is

also psd. As an aside issue, it can be shown that F is not sos.

Example 3.2. Let F (x1, x2, x3) be the symmetric polynomial

F = x21x
2
2x

2
3 +

∑

i<j

(x2ix
2
j + 4xixj) + 2

∑

i<j,k ̸=i,j
xixjx

2
k +

∑

i

x2i + 1

It can be checked that F is psd and that all its minimizers ((−1, 0, 1) and its permutations)
have three distinct coordinates. Of course, F does not verify condition (A), in fact, F =
e21 + (e2 + 1)2 + e23.
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DEFINING EQUATIONS OF POINT CONFIGURATIONS

OLIVER CLARKE, GIACOMO MASIERO, AND FATEMEH MOHAMMADI

Abstract. Point-line configurations give rise to a fundamental class of matroids. We
study their associated varieties from the viewpoint of incidence and projective geometry.
In particular, we study the irreducible decompositions of these varieties and their defining
polynomial equations. Firstly, we focus on specific families of configurations, such as
quadrilateral sets and 3× 4 grids. Then, we extend our results to less-structured families
of configurations, and describe the irreducible decompositions of their matroid varieties.

1. Introduction

The variety of a matroid is the Zariski closure of its realisation space. This notion,
introduced in [6], gives rise to a deep combinatorial structure on the matroid stratification
of the Grassmannian. However, understanding properties about these strata, such as their
defining equations [15], is a very difficult problem. So, it is natural to restrict attention
to particular classes of matroids. For instance, the matroid varieties of uniform matroids
have been extensively studied in commutative algebra, as determinantal varieties [1, 5, 12].
In [3], we use incidence geometry to study matroid varieties associated with point-line
configurations. Specifically, we seek general methods to translate the incidence structure of
the underlying configuration into a geometrically meaningful minimal generating set of its
polynomial ideal. We fully complete this task for the quadrilateral sets and 3× 4 grids.

The matroid varieties arising from point-line configurations are a rich and diverse family.
For example, the Mnëv-Sturmfels Universality Theorem [8, 11] shows that matroid varieties
satisfy Murphy’s law in algebraic geometry, i.e., given any singularity of a semi-algebraic
set, there is a matroid variety with the same singularity, up to a mild equivalence on singu-
larities. Here, the matroid varieties associated with a point-line configuration can achieve
all such singularities. Additionally, the extra structure induced by point-line configurations
is mirrored in algebraic statistics [2, 4].

The axiomatic definition of matroids dates back to Whitney [17]. Shortly afterwards, the
intimate link between matroids and projective geometry was pointed out by MacLane [10].
While this connection is nowadays classical, the use of projective incidence geometry in the
study of matroid varieties is quite recent. It has arisen as a tool for constructing and giving
geometric interpretations to non-determinantal generators of ideals of matroid varieties.

Example 1.1. In [2, 15, 16], the authors study the arrangement of 7 points on 3 concur-
rent lines in the plane, with three points on each line and one intersection point. Here,
incidence geometry tells that the projective coordinates of the points must satisfy the three
collinearities (degree-3 polynomial conditions) and a degree-6 polynomial, whose vanishing
is determined by the concurrency of the three lines.

The third author will present the work.
1
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Definition 1.2. Let M be a rank-r matroid on [n] and C(M) its circuits. Let R = k[X] be
a polynomial ring where X = (xi,j) is an r×n matrix of variables. We define the circuit ideal
as IC(M) =

〈
[B]X |B ∈ C(M)

〉
⊆ R. The circuit variety of M is VC(M) = V (IC(M)) ⊆ kr×n .

Here, [B]X denotes the minor of the submatrix of X on the columns indexed by X.
Let r ≥ rk(M) be a fixed integer. A realisation of M over k is a matrix V ∈ kr×n

such that for any subset I ⊆ [n] we have that [V ]I has full rank if and only if I is an
independent set of M . The realisation space of a matroid in kr×n is ΓM = {V ∈ kr×n |
V is a realisation of M}. The matroid variety VM = ΓM is the Zariski closure in kr×n of
the realisation space. We denote by IM = I(VM ) ⊆ k[X] the ideal of the matroid variety.

Computing a minimal generating set of IM via incidence geometry helps to overcome the
difficulty of numerical computations. One method to compute minimal generating sets is via
Gröbner bases. However, these algorithms have high complexity and, consequently, provide
results only for small matroids. In addition, the outputs often consist of long polynomials
that cannot be parsed by a human, which gives little geometric intuition.

Example 1.3. By direct computation in Macaulay2 [7], we know that 14 homogeneous
polynomials generate the ideal of the matroid variety associated with a quadrilateral set:

a. Four have degree 3, and reflect the collinearities of the arrangement,
b. The rest have degree 6, in 18 variables, and are the sum of ≈ 15 monomials.

Example 1.4. In [13], the authors compute that the associated ideal of the 3 × 4 grid is
generated by 44 homogeneous polynomials, where:

c. Sixteen of them have degree 3, and reflect the collinearities of the arrangement,
d. The rest have degree 12, in 36 variables, and are the sum of ≈ 250 monomials.

Our contributions. We study the question of determining when a tuple of collinear points
in P2C can be lifted to a non-trivial realisation of a fixed point-line configuration C. When
this is possible, we call C hyperliftable; and when this is possible, up to removing a line, then
we term C quasi-hyperliftable. We analyse such configurations and provide an irreducible
decomposition of their circuit varieties. This is our main theoretical contribution, as well
as our main tool for studying our central examples. On the computational side, we answer
the liftability problem for quadrilateral sets and 3×4 grids. In this way, we characterise the
6-tuples of collinear points that can be lifted to a quadrilateral set, as well as the 12-tuples
of collinear points that can be lifted to a 3× 4 grid. In particular, for quadrilateral sets, we
provide a new characterisation, which is equivalent to the one in [14].
Point-line configurations. We think of matroids of rank three as incidence structures
called point-line configurations. We study the realisation space of these matroids via incident
geometry. An abstract point-line configuration is a triple (P,L, I). The elements of P and
L are the points and lines. Each pair (p, ℓ) ∈ I ⊆ P ×L is an incidence and we say that p
lies on ℓ or ℓ is incident to p. An abstract point-line configuration is linear if: there is at
most one line incident to any pair of points; and every line is incident to at least two points.

Definition 1.5. Let M be a rank-3 matroid. We define the point-line configuration CM :=
([n],LM , IM ) as follows. The point set of CM is the ground set [n] of M . The lines
LM := {F ∈ F (M) | rk(F ) = 2, |F | ≥ 3} are the rank-two flats of M of size ≥ 3. The
incidences IM are given by inclusion, i.e., (p, ℓ) ∈ IM if and only if p ∈ ℓ.
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Point-line arrangements of realisable matroids are typically not linear. The obstructions
are loops (elements contained in no basis) and non-trivial parallel classes (rank-one flats
with more than an element). To talk about linear point-line configurations of matroids, we
assume them to be simple, i.e., loopless and each parallel class a singleton.

Proposition 1.6. Let M be a simple matroid on [n]. Then the point-line configuration CM
is linear. Particularly, if M has a realisation A ∈ C3×n, then the columns of A are distinct
points in P2C and the lines of CM correspond to 1-dimensional linear subspaces in P2C.

2. On liftability properties of point-line configurations

We first introduce the notion of (quasi-)hyperliftability of point-line configurations C.
Definition 2.1. A linear configuration C with n points is called hyperliftable over a field k if
any n-tuple of collinear points in P2k is the projective image of a non-degenerate realisation
of C, and C is quasi-hyperliftable if it is not hyperliftable, but C \ℓ is hyperliftable for all ℓ.

We introduce an algebraic tool that plays a crucial role in the liftability problem. Partic-
ularly, it gives insights about whether C is (quasi-)hyperliftable and the conditions that n
collinear points must satisfy so that they may be lifted to a non-degenerate realisation of C.
Construction 2.2. Let C = (P,L, I) be a point-line configuration and k a field. Consider
an n-tuple of collinear points P1, . . . , Pn in P2k, where n = #P. Let P ∈ P2k be a point
that is not collinear with P1, . . . , Pn. After a change of coordinates, we may assume that
P = (0, 0, 1) and P1 = (x1, 1, 0), . . . , Pn = (xn, 1, 0) for some xi ∈ k, i.e., the points lie on
the line z = 0. The problem is to find z1, . . . , zn ∈ k such that the points (xi, 1, zi) are a
non-degenerate realisation of C. We denote by [PiPj ] the 2× 2 minor xi−xj . We construct
the matrix Λ that encodes all the collinearity conditions imposed by C. The matrix Λ has
one column for each point Pi, and one row for each collinearity condition of C, i.e., each
triplet of collinear points. Finally, if Λi,− is the row of Λ corresponding to the collinearity
condition on Pi1 , Pi2 , Pi3 , with i1 < i2 < i3 then

Λi,i1 = [Pi2Pi3 ], Λi,i2 = −[Pi1Pi3 ], Λi,i3 = [Pi1Pi2 ], and Λi,j = 0 otherwise.

Suppose that ℓ ⊆ P is a set of collinear points with #ℓ > 3. For each 3-subset of ℓ, the
above construction gives a row of Λ. These rows are linearly dependent. Moreover, it is
straightforward to show that the set of such rows has rank #ℓ− 2.

We call Λ the collinearity matrix of C. It naturally defines the linear system Λ (z1 . . . zn)
t =

(0 . . . 0)t . If C is connected then the liftability problem for C has non-degenerate solutions
if and only if the solution space of the system above has dimension ≥ 3. By this, we mean
that there are lifts where not all points are collinear. Note that such solutions may not be
a realisation of C as the lift may contain additional dependencies. See also [9].

Lemma 2.3. Let M be a realisable simple rank-3 matroid on [n], which is maximal among
the realisable simple rank-3 matroids over [n], with respect to the dependency order. Then,
the following statements are equivalent, for its point-line configuration CM .

(i) The configuration CM is hyperliftable.
(ii) The linear system Λ(z1 . . . zn)

t = 0, where Λ is the collinearity matrix of CM , has
solution space of dimension at least 3.
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Theorem 2.4. Assume that CM has no triplets of concurrent lines.
(i) If CM is hyperliftable then VC(M) = VM and

√
IC(M) = IM .

(ii) If CM is connected and quasi-hyperliftable then VC(M) = V0 ∪ VM and
√
IC(M) =

I0 ∩ IM , where V0 = V (I0) is the matroid variety of a line with n points.
For each item above, the decompositions are irreducible and prime, respectively.

Applying Lemma 2.3, quadrilateral sets and 3× 4 grids are quasi-hyperliftable. Utilizing
this property, in [3], we compute their ideals, as in Examples 1.3 and 1.4.
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PAVING MATROIDS: DEFINING EQUATIONS AND A
DECOMPOSITION OF ASSOCIATED VARIETIES

EMILIANO LIWSKI AND FATEMEH MOHAMMADI

Abstract. We study paving matroids, their realization spaces, and their closures, along
with matroid varieties. Within this context, we introduce three distinct methods for
generating polynomials within the associated ideals of these varieties across any dimension.
Additionally, we explain the relationship between polynomials constructed using these
different methods. We then compute a comprehensive and finite set of defining equations
for matroid varieties associated with specific classes of paving matroids.

1. Introduction

In this work, we study paving matroids from an algebro-geometric viewpoint. An n-paving
matroid M is a matroid in which every circuit has a size equal to either n or n+ 1, where
n represents the rank of M , denoted by r(M). It is conjectured in [13] that asymptotically
almost all matroids are paving; see also [12]. Our primary focus lies on the matroid variety
VM , defined as the Zariski closure of the matroid’s realization space, which was originally
introduced in [9] and has since been extensively studied; see e.g. [3, 4, 17].

The primary question is to find a complete and finite set of defining equations, or equiv-
alently, a finite set of generators of the ideal of the matroid variety IM = I(VM ) and to
represent such polynomials geometrically or combinatorially. Equally significant is the task
of determining an irredundant irreducible decomposition of the matroid variety VM . No-
tably, it is established that the circuit ideal IC(M), generated by the polynomials associated
with the circuits of M , is always a subset of IM . However, the reverse is rarely true. In the
case of a positroid, it was demonstrated in [10] that the two ideals IC(M) and IM coincide.
Additionally, positroid varieties are also irreducible. However, this is not true in most cases;
in [20], Sturmfels introduced a minimal example where IC(M) ⊊ IM and IM is reducible.
In [17], the authors computed such polynomials in IM\IC(M) using the Grassmann-Cayley
algebra, for specific family of point-line configurations. A classical method for computing
such polynomials within the matroid ideal IM applies the Grassmann-Cayley algebra, which
offers a combinatorial approach. However, fully generating all polynomials in IM , or ver-
ifying whether those generated by the Grassmann-Cayley method are sufficient, remains
challenging. This challenge arises due to the saturation step included in the matroid ideal’s
construction, see e.g. [2, 17, 18, 19, 21].

Existing algorithms for computing the saturation of ideals are characterized by high
complexity, thereby limiting their practicality to small-scale matroids. Furthermore, the
resulting polynomials often lack geometric insight, being lengthy and challenging to inter-
pret. This limitation is illustrated by examples in [4, 15]. Given the complexity associated

The first author will present the work.
1
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with computing the entire ideal, there has been considerable interest in generating certain
polynomials, albeit not necessarily the entire generating set, for the ideal IM , particularly
for specific families of matroids. For instance, in [17], the authors applied the Grassmann-
Cayley algebra in combination with geometric tools from [2, 7] to generate polynomials for
a family of examples of point-line configurations. Another geometric approach, not relying
on the Grassmann-Cayley algebra, was applied in [4] for rank-3 matroids, leading to compu-
tation of a minimal generating set for the matroid ideals of quadrilateral sets and the 3× 4
grid. Our work extends these geometric techniques to matroids of arbitrary ranks.

2. Main results

In general, finding a finite set of generators for IM can be quite challenging, and they
also appear in the context of conditional independence statements [1, 5, 6, 8, 14].
Question. Consider an n-paving matroid M and let γ be a collection of vectors in Cn
indexed by the elements of M , lying within a hyperplane H of Cn, with q ∈ Cn \H. What
condition is both necessary and sufficient for the existence of a lifting of the vectors from γ
at point q to a non-degenerate collection γ̃ ∈ VC(M)?

We address this question in [11], where we establish that the desired lifting exists if
and only if certain minors of a so-called liftability matrix vanish on the vectors of γ. More
precisely, for any vector q ∈ Cn and any n-paving matroid M , we define the liftability matrix
Mq(M) with columns indexed by the elements of M and rows indexed by the n-circuits of
M . For each n-circuit c = {c1, c2, . . . , cn}, the cthi coordinate of the corresponding row is
given by the polynomial (−1)i−1 [c1, c2, . . . , ci−1, ĉi, ci+1, . . . , cn, q] .

Notably, projecting the vectors from any realization of an n-paving matroid M onto a
hyperplane in Cn from a point outside of it ensures that the projected vectors satisfy the
condition for non-degenerate lifting to exist. This observation holds true for any submatroid
of full rank within M , as well. Using this, we can construct polynomials within IM .

Theorem 2.1. Let M be an n-paving matroid and N a submatroid of M of full rank. Then,
for any q ∈ Cn, the |N | − n+ 1 minors of the matrix Mq(N) are polynomials within IM .

Such polynomials are called lifting polynomials, and I liftM denotes the ideal they generate.

Theorem 2.2. Let M be an n-paving matroid with no points of degree greater than two.
Then, the circuit and lifting polynomials generate the matroid ideal, up to radical, as follows:

IM =
√
IC(M) + I liftM .

Applying the above theorem, which provides a comprehensive description of the defining
equations of the matroid varieties of this type, we can compare the matroid variety and the
circuit variety of M . Below, we use the notation VC(M) and VM for the circuit variety and
the matroid variety, respectively. We denote V0 for the variety of the uniform matroid.

Theorem 2.3. Let M be an n-paving matroid with no points of degree greater than two.
• If all submatroids of are liftable, then VC(M) = VM .
• If all proper submatroids of M are liftable, then VC(M) = VM ∪ V0.

In [11, §5], we introduce a combinatorial approach for generating polynomials within
IM . Every such polynomial is uniquely linked to a specific graph. To see this, consider
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two subsets of elements of M , J and P = {p1, . . . , pk}, such that P ∩ J = ∅. Suppose
C = {c1, . . . , ck} is a set of circuits of size n whose points belong to J ∪ P , and pi ∈ ci for
every i. For any realization γ ∈ ΓM , construct a directed weighted graph G on the vertex
set P , where the weights are the coefficients of some linear dependencies on the vectors
{γp : p ∈ P} arising from the circuits ci. We show that such weights satisfy a polynomial
relation. Moreover, we illustrate that these weights can be substituted with quotients of
polynomial brackets by selecting an additional set of vectors {qp : p ∈ P} ⊂ Cn. Upon
multiplying by the denominators of these quotients, we derive a polynomial involving the
brackets that vanishes at γ. Since γ is a realization of M , we obtain a polynomial within
IM . We refer to such polynomials as graph polynomials, which generate the ideal IgraphM .

Theorem 2.4. Let M be an n-paving matroid with no points of degree greater than two.
Then IgraphM contains the ideal I liftM , and the circuit polynomials and graph polynomials to-

gether form a finite generating set for the matroid ideal, up to radical: IM =
√
IC(M) + IgraphM .

3. Related works

We now comment on some related works. In [20], Sturmfels introduced the concept of
projection, focusing specifically on the quadrilateral set. He provided an explicit polynomial
condition for the liftability of six collinear points to a quadrilateral set and algorithmically
derived their standard bracket representation. In [16], Richter applied a similar projection
technique to characterize the liftability of six points on a line to a quadrilateral set using
determinant equations involving the center of projection. A generalization of this liftability
technique was also presented in [4] for 3-rank matroids and was applied to explicitly compute
a minimal generating set for the associated ideals of the quadrilateral sets and the matroid of
the 3×4 grid. In our work, we extend this technique to any paving matroid of any dimension
by projecting onto a hyperplane instead of a line. In [3], it was established that forest-type
point-line configurations are realizable. We show that n-paving matroids with no points of
degree greater than two are also realizable. This expansion broadens the scope of known
realizable matroids. We also note that the polynomials constructed using our methods differ
from those constructed using the Grassmann-Cayley algebra. For example, concerning the
Pascal matroid studied in [17], our main result illustrates that the polynomials constructed
in Theorem 2.2 are not contained in the ideal generated by the polynomials constructed in
[17] using the Grassmann-Cayley algebra. Additionally, in [17, Theorem 4.2.2], the authors
constructed a matroid from d + 4 points on a rational normal curve of degree d via the
Grassmann-Cayley algebra. Applying Theorem 5.1 of [2], they demonstrated the existence
of non-trivial quartics in the associated matroid ideal using the Grassmann-Cayley algebra.
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SUPPORT OF THE MINIMAL POLYNOMIAL
IN THE DIFFERENTIAL DYNAMICAL SYSTEM

YULIA MUKHINA AND GLEB POGUDIN

Abstract. Differential elimination refers to finding consequences of a system of differen-
tial equations depending only on a chosen subset of variables. In the context of dynamical
modeling, one often starts with a polynomial dynamical system of the form x′ = g(x) and
is interested to obtain the minimal equation satisfied by a single component of x (for ex-
ample, x1). Based on the degrees of the polynomials in g, we give an upper bound on the
support of such minimal equation which can be further used, for example, for computing
this equations using an ansatz. We show that our bound is sharp in the planar case.

Introduction

Differential elimination is a differential analogue of elimination for polynomial systems
and Gaussian elimination from linear algebra. Its study has been initiated by Ritt [6], the
founder of differential algebra, in the 1930s. He developed the foundations of the characteris-
tic set approach, which has been made fully constructive by Seidenberg [7]. The algorithmic
aspect of this research culminated in the Rosenfeld-Gröbner algorithm [1, 4] implemented
in the BLAD library [2] (available through Maple). We will focus on a special case of differ-
ential elimination of practical importance, namely, given a system of polynomial ordinary
differential equations (ODEs)

(1) x′ = g(x),

compute an equation of the minimal order satisfied by x1-component of every solution of (1).
This question naturally arises, for example, if experimental data is not available for other
variables [3].

1. Preliminaries

In order to state the main problem more precisely, we fix a field K of characteristic zero.
For a set of variables x = (x1, . . . , xn), one can define a ring of differential polynomial in x
as a ring of infinitely many variables in x and its formal derivatives:

R = K[x(∞)] = K[x(j)i | 1 ⩽ i ⩽ n, 0 ⩽ j].

This ring can be endowed with a structure of a differential ring by defining a derivation ′

to be zero on K and (x
(j)
i )′ = x

(j+1)
i for every 1 ⩽ i ⩽ n and 0 ⩽ j. For a polynomial

p ∈ K[x(∞)] and 1 ⩽ i ⩽ n, we will call the largest j such that x(j)i appears in p the order
of p respect to xi, and if p does not involve xi, we set the order equal to −1.

This work has been supported by the French ANR-22-CE48-0008 OCCAM project.
The talk at the meeting EACA 2024 has been given by the first author.
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An ideal I ⊂ R is called a differential ideal if a′ ∈ I for every a ∈ I. For any f1, . . . , fs ∈ R,
we denote by ⟨f1, . . . , fs⟩(∞) the differential ideal

⟨f (∞)
1 , . . . , f (∞)

s ⟩.
To a system of polynomial ODEs (1), with g ∈ K[x]n, one can assign a differential ideal

⟨x′ − g(x)⟩(∞). Then, by the differential Nullstellensatz [5, Proposition 2.4], the equations
satisfied by the x1-component of every (formal power series) solution of (1) are exactly the
elimination ideal

⟨x′ − g(x)⟩(∞) ∩K[x(∞)
1 ].

It is known that this ideal is prime [5, Proposition 1.24] and that it is completely defined
its minimal polynomial [5, Proposition 1.15] (polynomials are first ordered by the order and
then by the total degree) which we will denote by fmin.

2. Main results

Theorem 2.1. Let g1, . . . , gn be polynomials in K[x1, . . . , xn] = K[x] of degrees d1, d2, . . . , dn
such that D := max

2⩽i⩽n
di > 0 and d1 > 0, and let I = ⟨x′ − g⟩(∞). Let fmin ∈ K[x(∞)

1 ] be the

minimal polynomial of I ∩K[x(∞)
1 ] and ord fmin ⩽ ν (ν = n can be always used).

Then for every monomial xs01 (x′1)
s1 . . . (x

(ν)
1 )sν in fmin the following inequalities hold

(1) if d1 ⩽ D

s0 +

ν∑

k=1

(
d1 + (k − 1)(D − 1)

)
sk ⩽

ν∏

k=1

(
d1 + (k − 1)(D − 1)

)
;

(2) if d1 > D, for every 0 ⩽ ℓ < ν, we have

ℓ∑

k=0

(
k(D − 1) + 1

)
sk +

ν−ℓ∑

i=1

(
i(d1 − 1) + ℓ(D − 1) + 1

)
si+ℓ ⩽

⩽
ℓ∏

k=1

(
d1 + (k − 1)(D − 1)

) ν−ℓ∏

i=1

(
i(d1 − 1) + ℓ(D − 1) + 1

)
.

The inequalities given in the theorem below are the specializations of the ones from
Theorem 2.1, and we claim that they defined exactly the Newton polytope for a generic
planar ODE system. To state this precisely, let us denote, for any d ∈ Z⩾0, by Vd the space
of of all polynomials in K[x1, x2] of degree at most d.

Theorem 2.2 (Generic sharpness in the planar case). Let (d1, d2) ∈ (Z>0)
2. Then there

exist a nonempty Zariski open subset U ⊂ Vd1 ×Vd2 such that, for every pair of polynomials
(g1, g2) ∈ U , the Newton polytope of the minimal polynomial fmin of the differential ideal
I ∩K[x(∞)

1 ], where I = ⟨x′1− g1(x1, x2), x′2− g2(x1, x2)⟩(∞), can be described as follows. For
monomials xs01 (x′1)

s1(x′′1)
s2 in fmin the following inequalities hold

(1) if d1 ⩽ d2

s0 + d1s1 + (d1 + d2 − 1)s2 ⩽ d1(d1 + d2 − 1);
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(2) if d1 > d2

s0 + d1s1 + (2d1 − 1)s2 ⩽ d1(2d1 − 1),

s0 + d2s1 + (d1 + d2 − 1)s2 ⩽ d1(d1 + d2 − 1);

Remark 2.3. The polytopes described in Theorem 2.2 can be described and visualized as
follows.

(1) For d1 ⩽ d2: a tetrahedron (see Figure 1a) with vertices

(0, 0, 0), (d1(d1 + d2 − 1), 0, 0), (0, d1 + d2 − 1, 0), (0, 0, d1).

(2) For d1 > d2: a pyramid (see Figure 1b) with vertices

(0, 0, 0), (d1(d1 + d2 − 1), 0, 0), (d1(d1 − 1), d1, 0), (0, 2d1 − 1, 0), (0, 0, d1).

(a) d1 ⩽ d2. (b) d1 > d2.

Figure 1. Newton polytope of the minimal polynomial in the n = 2 case
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COMPUTATIONAL APPROACH IN THE STUDY OF THE RIGIDITY

OF REAL LIE ALGEBRAS.

FRANCISCO OVIAÑO GARCÍA AND RUTWIG CAMPOAMOR STURSBERG

Abstract. In the study of the rigidity of Lie algebras, the cohomological approach has
proven to be very useful for determining the rigidity of certain algebras. To this end, a
code has been developed for the Mathematica® symbolic computation package that allows
the calculation of the second Chevalley cohomology space of the real solvable Lie algebras
of rank one. This code uses the Hochschild-Serre spectral sequence, being e�ective for
computations in high dimensions.

Introduction

The study of the rigidity of Lie algebras, which is in principle a topological notion, admits a
purely algebraic approach, due to the Nijenhuis-Richardson criterion, that shows that a Lie
algebra with zero second Chevalley cohomology space is rigid. Although this criterion is not
su�cient, as there are rigid Lie algebras with non-zero cohomology, it allows us to establish
the rigidity of a wide range of algebras. This approach allows a computational treatment of
the problem.
An obstruction to the calculation of the second group of cohomology is the high number of
variables that appear in the calculation of the 2-cochains when the dimension of the algebra
is greater than ten, a fact that makes di�cult the e�ective calculation, from a computational
point of view. However, making use of the Hochschild-Serre spectral sequence, the necessary
memory and computation time used is considerably reduced. In this context, a speci�c
code for the symbolic calculation package Mathematica® has been developed, allowing a
systematical search of cohomologically rigid (solvable) Lie algebras (of rank one).

De�nition 1. A Lie algebra g is called rigid if O (g) is an open set of Ln with respect to
the Euclidean topology.

Proposition 1. If the Lie algebra g satis�es dimH2(g, g) = 0, then it is rigid [9].

The main tool for practical computations is the Hochschild-Serre factorization theorem [7].

We focus on solvable Lie algebras given by the semi-direct sum r = t
−→⊕n, where t is an

external torus of derivations that acts diagonally on n. Under these assumptions, the spaces
Hs (r, r) are determined by the relation

(1) Hs (r, r) ≃
∑

p+q=s

Hp (t,R)⊗Hq (n, r)t ,

Date: 13/03/2024.
The talk at the meeting EACA 2024 has been given by the Francisco Oviaño García.
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2 FRANCISCO OVIAÑO GARCÍA AND RUTWIG CAMPOAMOR STURSBERG

with Hq (n, r)t the space formed by all t-invariant cocycle classes of n with values in r:

(2) Hs (n, r)t = {[φ] ∈ Hs (n, r) | (T.φ) = 0, ∀T ∈ t} .
The t-invariance of a cocycle φ is de�ned as

(3) (T.φ) (Z1, · · · , Zb) = [T, φ (Z1, · · · , Zb)]−
b∑

s=1

φ (Z1, · · · , [T,Zs] , · · · , Zb) .

1. Jacobi conditions. Algorithm for finding cohomologically rigid

algebras with fixed eigenvalue spectrum

The �rst step of the procedure is to determine the nilradicals that admit a given torus
of derivations. We illustrate the procedure with a speci�c case. Let g = t

−→⊕n be a solvable
Lie algebra with n-dimensional �liform nilradical n = R⟨X1, X2, . . . , Xn⟩ and eigenvalue
spectrum spec(t) = {1, k, k + 1, . . . , n+ k − 2}. The only possible brackets are
(4)

[X1, Xj ] = Cj+1
1,j Xj+1, [Xi, Xj ] = Ci+j+k−2

i,j Xi+j+k−2, (2 ≤ i < j; i+ j + k − 2 ≤ n).

The assumption on the characteristic sequence implies that Cj+1
1,j ̸= 0 holds for any j, so

that by a change of basis we can set Cj+1
1,j = 1 for j = 2, · · · , n− 1. The Jacobi identity for

{X1, Xi, Xj} provides a �rst generic relation for C li,j in n:

(5) Ci+j+k−2
i,j − Ci+j+k−1

i+1,j − Ci+j+k−1
i,j+1 = 0, 2 ≤ i < j ≤ n− 2.

These equations determine a linear system that can be solved recursively for the coe�cients

Ci+j+k−2
i,j with |j − i| > 1 with respect to the set of diagonal entries

(6) ∆ = {α2, . . . , αρ} =
{
Ck+3
2,3 , Ck+5

3,4 , . . . , C2ρ+k−1
ρ,ρ+1

}
, ρ =

[
n+ 1− k

2

]
,

leading to the commutators [Xi, Xi+1] = αiX2i+k−1, (2 ≤ i ≤ ρ) and [Xi, Xi+s] =∑ρ
ℓ=2 λ

ℓ
i,sαℓX2i+k+s−2 (i ≥ 2, 2i+ k + s− 2 ≤ n). Admissible Lie algebras are obtained as

solutions of the quadratic system

(7) S : Ci+j+2k+ℓ−4
i,j+ℓ+k−2 Cj+ℓ+k−2

j,ℓ + Ci+j+k−2
i,j Ci+j+ℓ+2k−4

ℓ,i+j+k−2 + Ci+ℓ+k−2
i,ℓ Ci+j+ℓ+2k−4

j,i+ℓ+k−2 = 0,

reducible to a quadratic system with respect to the variables {α2, . . . , αρ} of ∆. An al-
gorithmic procedure to �nd the (cohomologically rigid) solutions of Lie algebras of (7) for
�xed values of n and k can be formulated as follows:

(1) Start with q = ρ− 1.
(2) In the main diagonal ∆, set αq+1 = 1 and αℓ = 0 for 2 ≤ ℓ ≤ q.
(3) If the linear equations (5) are incompatible, then replace q by q − 1

and go to step 3.

(4) If (5) is satisfied, evaluate the system S formed by the Jacobi

identities for the generators {Xi, Xj , Xℓ} with 2 ≤ i < j < ℓ.
(5) If the system S admits no solution, then replace q by q−1 and go to step

3.
(6) If the system S admits a solution depending on one or more parameters αi,

then replace q by q − 1 and go to step 3.
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(7) If the system S admits an isolated solution, take n as the corresponding

nilpotent Lie algebra.

(8) Compute H2
(
t
−→⊕n, t

−→⊕n
)
.

Special types of solutions can further be obtained imposing some constraints on ∆, such as
the nullity of one or more entries. In these cases however, an additional step (7') has to
be introduced, in order to verify that the resulting algebra does not admit supplementary
external derivations.

2. Code for the cohomology computation

Once the isolated solutions of the Jacobi conditions have been determined, the cohomol-
ogy is computed using the Hochschild-Serre spectral sequence [11]. The input data are the
coe�cient matrix and the eigenvalue spectrum of the torus t.

De�nition of 1-coboundary invariants and their properties

CB[X[i_]]:=If[i<=NN, z[i, i]X[i], 0]CB[X[i_]]:=If[i<=NN, z[i, i]X[i], 0]CB[X[i_]]:=If[i<=NN, z[i, i]X[i], 0] COB = Flatten[Table[CB[X[i]], {i, 1,NN}]]COB = Flatten[Table[CB[X[i]], {i, 1,NN}]]COB = Flatten[Table[CB[X[i]], {i, 1,NN}]]
CAR = Table[z[i, i], {i, 1,NN}]CAR = Table[z[i, i], {i, 1,NN}]CAR = Table[z[i, i], {i, 1,NN}]
Coboundary relations:

B3[i_, j_]:=K[X[i],CB[X[j]]]−K[X[j],CB[X[i]]]− CB[K[X[i], X[j]]]B3[i_, j_]:=K[X[i],CB[X[j]]]−K[X[j],CB[X[i]]]− CB[K[X[i], X[j]]]B3[i_, j_]:=K[X[i],CB[X[j]]]−K[X[j],CB[X[i]]]− CB[K[X[i], X[j]]]

CB[a_X_]:=aCB[X];CB[a_X_]:=aCB[X];CB[a_X_]:=aCB[X];, CB[0]:=0;CB[0]:=0;CB[0]:=0;

CB[K[X_+Y_,Z_]]:=CB[K[X,Z]] + CB[K[Y,Z]];CB[K[X_+Y_,Z_]]:=CB[K[X,Z]] + CB[K[Y,Z]];CB[K[X_+Y_,Z_]]:=CB[K[X,Z]] + CB[K[Y, Z]];

K[CB[X_+Y_],W_]:=K[CB[X],W ] +K[CB[Y ],W ];K[CB[X_+Y_],W_]:=K[CB[X],W ] +K[CB[Y ],W ];K[CB[X_+Y_],W_]:=K[CB[X],W ] +K[CB[Y ],W ];

K[W_,CB[X_+Y_]]:=K[W,CB[X]] +K[W,CB[Y ]];K[W_,CB[X_+Y_]]:=K[W,CB[X]] +K[W,CB[Y ]];K[W_,CB[X_+Y_]]:=K[W,CB[X]] +K[W,CB[Y ]]; CB[T [l_]] = 0;CB[T [l_]] = 0;CB[T [l_]] = 0;

Table of the 2-coboundary t-invariantes:

C3T = Table[B3[i, j], {i, 1,NN}, {j, i+ 1,NN}]C3T = Table[B3[i, j], {i, 1,NN}, {j, i+ 1,NN}]C3T = Table[B3[i, j], {i, 1,NN}, {j, i+ 1,NN}]
C3T1 = DeleteCases[Flatten[C3T], 0]/.X[i_]→ 1C3T1 = DeleteCases[Flatten[C3T], 0]/.X[i_]→ 1C3T1 = DeleteCases[Flatten[C3T], 0]/.X[i_]→ 1

SOO = Flatten[Solve[C3T == 0,CAR]]SOO = Flatten[Solve[C3T == 0,CAR]]SOO = Flatten[Solve[C3T == 0,CAR]] JJJ = CAR/. SOOJJJ = CAR/. SOOJJJ = CAR/. SOO

SO3 = Solve[JJJ = 0]SO3 = Solve[JJJ = 0]SO3 = Solve[JJJ = 0]

POL=Solve[LOL=0,CAR]POL=Solve[LOL=0,CAR]POL=Solve[LOL=0,CAR]

UIP=Flatten[Keys[POL]]UIP=Flatten[Keys[POL]]UIP=Flatten[Keys[POL]]

Length[UIP]Length[UIP]Length[UIP]

Invariant 2-cochains. General relations:

Ψ[X_+Y_,Z_]:=Ψ[X,Z] + Ψ[Y, Z]Ψ[X_+Y_,Z_]:=Ψ[X,Z] + Ψ[Y,Z]Ψ[X_+Y_,Z_]:=Ψ[X,Z] + Ψ[Y, Z]

Ψ[X_,Y_+ Z_]:=Ψ[X,Y ] + Ψ[X,Z]Ψ[X_,Y_+ Z_]:=Ψ[X,Y ] + Ψ[X,Z]Ψ[X_,Y_+ Z_]:=Ψ[X,Y ] + Ψ[X,Z]

Ψ[K[X_+Y_,Z_]W_]:=Ψ[K[X,Z],W ] + Ψ[K[Y,Z],W ]Ψ[K[X_+Y_,Z_]W_]:=Ψ[K[X,Z],W ] + Ψ[K[Y,Z],W ]Ψ[K[X_+Y_,Z_]W_]:=Ψ[K[X,Z],W ] + Ψ[K[Y, Z],W ]

Ψ[W_,K[X_+Y_,Z_]]:=Ψ[W,K[X,Z]] + Ψ[W,K[Y, Z]]Ψ[W_,K[X_+Y_,Z_]]:=Ψ[W,K[X,Z]] + Ψ[W,K[Y,Z]]Ψ[W_,K[X_+Y_,Z_]]:=Ψ[W,K[X,Z]] + Ψ[W,K[Y,Z]]

K[Ψ[X_+Y_,Z_],W_]:=K[Ψ[X,Z],W ] +K[Ψ[Y,Z],W ]K[Ψ[X_+Y_,Z_],W_]:=K[Ψ[X,Z],W ] +K[Ψ[Y,Z],W ]K[Ψ[X_+Y_,Z_],W_]:=K[Ψ[X,Z],W ] +K[Ψ[Y, Z],W ]

K[W_,Ψ[X_+Y_,Z_]]:=K[W,Ψ[X,Z]] +K[W,Ψ[Y, Z]]K[W_,Ψ[X_+Y_,Z_]]:=K[W,Ψ[X,Z]] +K[W,Ψ[Y,Z]]K[W_,Ψ[X_+Y_,Z_]]:=K[W,Ψ[X,Z]] +K[W,Ψ[Y, Z]]

Ψ[T [l_], X[i_]]:=0Ψ[T [l_], X[i_]]:=0Ψ[T [l_], X[i_]]:=0, Ψ[X[i_], T [l_]]:=0Ψ[X[i_], T [l_]]:=0Ψ[X[i_], T [l_]]:=0, Ψ[X[i_], X[i_]]:=0Ψ[X[i_], X[i_]]:=0Ψ[X[i_], X[i_]]:=0, Ψ[0, X[i_]]:=0Ψ[0, X[i_]]:=0Ψ[0, X[i_]]:=0, Ψ[X[i_], 0]:=0Ψ[X[i_], 0]:=0Ψ[X[i_], 0]:=0

Ψ[a_X_,Z_]:=a ∗Ψ[X,Z]Ψ[a_X_,Z_]:=a ∗Ψ[X,Z]Ψ[a_X_,Z_]:=a ∗Ψ[X,Z], Ψ[Z_, a_X_]:=a ∗Ψ[Z,X]Ψ[Z_, a_X_]:=a ∗Ψ[Z,X]Ψ[Z_, a_X_]:=a ∗Ψ[Z,X], c[i_, i_, j_] = 0;c[i_, i_, j_] = 0;c[i_, i_, j_] = 0;

De�nition of invariants 2-cochains

c[i_, j_, p_]:=c[i_, j_, p_]:=c[i_, j_,p_]:=

If[EW[[i]] + EW[[j]]===EW[[p]], Signature[{i, j}] ∗ q[Sort[{i, j}][[1]],Sort[{i, j}][[2]], p], 0]If[EW[[i]] + EW[[j]]===EW[[p]], Signature[{i, j}] ∗ q[Sort[{i, j}][[1]], Sort[{i, j}][[2]], p], 0]If[EW[[i]] + EW[[j]]===EW[[p]],Signature[{i, j}] ∗ q[Sort[{i, j}][[1]], Sort[{i, j}][[2]], p], 0]
Ψ[X[i_], X[j_]]:=Sum[c[i, j, p]X[p], {p, 1,NN}]Ψ[X[i_], X[j_]]:=Sum[c[i, j, p]X[p], {p, 1,NN}]Ψ[X[i_], X[j_]]:=Sum[c[i, j, p]X[p], {p, 1,NN}]
DERF[l_, i_, j_]:=K[T [l],Ψ[X[i], X[j]]]−K[X[i],Ψ[T [l], X[j]]] +K[X[j],Ψ[T [l], X[i]]]−DERF[l_, i_, j_]:=K[T [l],Ψ[X[i], X[j]]]−K[X[i],Ψ[T [l], X[j]]] +K[X[j],Ψ[T [l], X[i]]]−DERF[l_, i_, j_]:=K[T [l],Ψ[X[i], X[j]]]−K[X[i],Ψ[T [l], X[j]]] +K[X[j],Ψ[T [l], X[i]]]−
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Ψ[K[T [l], X[i]], X[j]] + Ψ[K[T [l], X[j]], X[i]]−Ψ[K[X[i], X[j]], T [l]]Ψ[K[T [l], X[i]], X[j]] + Ψ[K[T [l], X[j]], X[i]]−Ψ[K[X[i], X[j]], T [l]]Ψ[K[T [l], X[i]], X[j]] + Ψ[K[T [l], X[j]], X[i]]−Ψ[K[X[i], X[j]], T [l]]

KOCI = Table[Ψ[X[i], X[j]], {i, 1,NN}, {j, i+ 1,NN}];KOCI = Table[Ψ[X[i], X[j]], {i, 1,NN}, {j, i+ 1,NN}];KOCI = Table[Ψ[X[i], X[j]], {i, 1,NN}, {j, i+ 1,NN}];
NCOC = DeleteCases[Flatten[KOCI], 0]/.X[i_]→ 1;NCOC = DeleteCases[Flatten[KOCI], 0]/.X[i_]→ 1;NCOC = DeleteCases[Flatten[KOCI], 0]/.X[i_]→ 1;

DERC[l_, i_, j_]:=K[X[l],Ψ[X[i], X[j]]]−K[X[i],Ψ[X[l], X[j]]] +K[X[j],Ψ[X[l], X[i]]]−DERC[l_, i_, j_]:=K[X[l],Ψ[X[i], X[j]]]−K[X[i],Ψ[X[l], X[j]]] +K[X[j],Ψ[X[l], X[i]]]−DERC[l_, i_, j_]:=K[X[l],Ψ[X[i], X[j]]]−K[X[i],Ψ[X[l], X[j]]] +K[X[j],Ψ[X[l], X[i]]]−
Ψ[K[X[l], X[i]], X[j]] + Ψ[K[X[l], X[j]], X[i]]−Ψ[K[X[i], X[j]], X[l]]Ψ[K[X[l], X[i]], X[j]] + Ψ[K[X[l], X[j]], X[i]]−Ψ[K[X[i], X[j]], X[l]]Ψ[K[X[l], X[i]], X[j]] + Ψ[K[X[l], X[j]], X[i]]−Ψ[K[X[i], X[j]], X[l]]

SOCO = Table[DERC[i, j, l], {i, 1,NN}, {j, i+ 1,NN}, {l, j + 1,NN}];SOCO = Table[DERC[i, j, l], {i, 1,NN}, {j, i+ 1,NN}, {l, j + 1,NN}];SOCO = Table[DERC[i, j, l], {i, 1,NN}, {j, i+ 1,NN}, {l, j + 1,NN}];
SOTO = DeleteCases[Flatten[SOCO], 0]/.X[i_]→ 1;SOTO = DeleteCases[Flatten[SOCO], 0]/.X[i_]→ 1;SOTO = DeleteCases[Flatten[SOCO], 0]/.X[i_]→ 1;

LR = Flatten[Solve[SOTO == 0,NCOC]];LR = Flatten[Solve[SOTO == 0,NCOC]];LR = Flatten[Solve[SOTO == 0,NCOC]];, SL = KOCI/.LR;SL = KOCI/.LR;SL = KOCI/.LR;, KOKO = KOCI/.LR;KOKO = KOCI/.LR;KOKO = KOCI/.LR;,

PR = Flatten[Solve[SL == 0,NCOC]];PR = Flatten[Solve[SL == 0,NCOC]];PR = Flatten[Solve[SL == 0,NCOC]];, PRR = Keys[PR];PRR = Keys[PR];PRR = Keys[PR];

The dimension of the second cohomology group is:

DIH2 = Length[PR]− Length[UIP]DIH2 = Length[PR]− Length[UIP]DIH2 = Length[PR]− Length[UIP]
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DEALING WITH NON-PRINCIPAL LOCUS IN AUTOMATED

REASONING IN GEOMETRY

ÁLVARO PEREIRA-ALBERT, TOMÁS RECIO, AND M. PILAR VÉLEZ

Abstract. The integration of the computer algebra system Giac into GeoGebra opened
the possibility of algebraically modeling a geometric construction made in GeoGebra and
manipulating it with computer algebra algorithms, thus allowing the development of math-
ematically rigorous and high-performance Automatic Reasoning Tools (ART) to deal with
geometric statements. Thus, the GeoGebra Discovery version of GeoGebra includes some
advanced tools o�ering the user a rich variety of ART to experiment, discover and as-
sert in geometric contexts. In this presentation, we deal with the performance of one
of these tools, the LocusEquation command, for automatically discover how to modify a
given �gure so that an incorrect or un�nished statement becomes true, returning where
to place some point in a construction so that a given property is satis�ed. An easy and
strange example, which GeoGebra Discovery has problems to compute because the locus
ideal is not principal, yields some interesting problems (non-principal locus ideals, adding
non-degeneracy conditions, interpretation of two simple, yet not trivial, locus) to deal
with.

Introduction

Dynamic Geometry (DG) systems have become quite popular for teaching purposes.
Although initially characterized by the ability to drag geometric constructions while keeping
the relations (perpendicularity, parallelism, etc.) established by the user among the involved
geometric objects, some of these environments evolved to integrate a computer algebra
system, so they should be better described as �dynamic mathematics� software. This is the
case of GeoGebra1, integrating the computer algebra system Giac.

This has opened the possibility to translate algebraically the geometric relations between
objects in a construction and, thus, to deal with computer algebra algorithms that allow
the development of highly performing, mathematically rigorous (not just probabilistic or
numerically approximate) Automatic Reasoning Tools (ART) on geometric statements([5,
9]). Thus, currently, GeoGebra (and, for some advanced tools, the fork version GeoGebra
Discovery2) already o�ers the user a rich variety of ART for tasks related to experimenting,
discovering, and asserting ([3, 6, 7, 8]):

• Automatically declaring the truth or failure of a given statement (Prove and ProveDetails
commands),

The second and third authors have been partially supported by the grant �Mathematical Visualization:
Foundations, Algorithms and Applications� PID2020-113192GB-I00 from the Spanish MICINN.

The talk at the meeting EACA 2024 has been given by the �rst author.
1http://www.geogebra.org
2https://github.com/kovzol/geogebra/releases
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• Automatically discovering how to modify a given �gure so that a wrong statement
becomes true (LocusEquation command, returning where to place some point on a
construction so that a given property holds),
• Automatically discovering and returning a message with the properties holding
among some selected pair of elements of the given �gure (Relation command),
• Automatically discovering all statements (of a certain kind: lengths ratio, per-
pendicularity, etc.) holding true and involving a given element in a �gure, se-
lected/introduced by the user (Discover, StepwiseDiscovery command),
• Automatically discovering all statements of a certain kind involving �all� the el-
ements of a given �gure, see https://autgeo.online/ag/automated-geometer.

html?offline=1,
• Displaying the di�erent algebraic steps performed internally by the program to con-
�rm or deny a given statement through the ShowProof command.

1. The LocusEquation command

In this presentation, we are going to focus on the LocusEquation command ([1, 2, 4]).
As stated before, given a geometrical construction, a property p for the construction and a
point P , this command returns an equation that must be satis�ed by the point P in order
for the construction to satisfy the given property p. In other words, the LocusEquation

command returns the equation for the geometric locus of points for which a given property
is satis�ed.

The command works as follows: First, it converts the geometrical construction into a set of
polynomial equations, at least some of which should depend on the coordinates of the point
P . It then considers the ideal generated by these polynomials, and performs an elimination
of all variables except the coordinates of P , making use of the computer algebra system
Giac (which is embedded into GeoGebra). We would expect this resulting elimination ideal
to be principal, that is, we would obtain a single equation on the coordinates of P , which is
the equation that P must satisfy in order to the property p to hold.

To visualize this, let us consider a simple example: Let the points A and B in the plane
be A = (0, 0) and B = (1, 0), and we are going to search for the locus of points P = (p1, p2)
such that the line through P and B is perpendicular to the line through A and B. We
would expect this command to return the equation for the line x = 1.

In this case, the equation of the line through A and B is y = 0, and the equation of the
line through B and a point X with general coordinates P = (p1, p2) is p2 x− (p1−1)y = p2.
Thus, the perpendicularity condition is given by the equation −(p1 − 1) = 0, and in this
case, we do not need to perform any elimination, since the ideal is already generated by a
polynomial on the coordinates of the point P . Therefore, in order for those two lines to be
perpendicular, we need the point P to satisfy the equation p1 = 1, that is, it needs to lie on
the line x = 1, which is the result that the LocusEquation command returns, as expected.

2. An easy example with a strange outcome

This presentation will be focused in another example, which is also geometrically simple to
understand but uncovers some interesting problems when we try to solve it with GeoGebra
Discovery: Given the triangle with vertices A, B and C, we look for the locus of the vertex
C so that the Euler line of the triangle is perpendicular to the segment AB. In order to
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simplify this computation, we can specialize the points A and B to be A = (−1, 0) and
B = (1, 0). Geometrical intuition tells us that the answer should be for C to lie in the line
given by x = 0. Since the Euler line is de�ned as the line that passes through three points
related to the triangle (its barycentre, its circumcentre and its orthocentre), we can make
this construction in GeoGebra in di�erent ways, for instance:

(1) We can �rst construct the orthocentre and the barycentre, and then de�ne the Euler
line to be the line passing through those two points.

(2) Alternatively, we can construct the barycentre and the circumcentre, and let the
Euler line be the line passing through those points.

(3) Finally, we can construct the circumcentre and the orthocentre, and make the Euler
line be the line de�ned by those points.

If we now try to compute the locus of the point C to satisfy the condition that the
Euler line is perpendicular to the segment AB using the LocusEquation command, we
would expect the result to be the same no matter the way we have de�ned the Euler line.
However, this is not the case. In both the �rst and the second possible ways of making the
construction above, the command outputs a polynomial of degree 5, and only in the third
way described above we get the expected result. Figure 1 below shows the outcomes of these
processes.

Figure 1. Output from the LocusEquation command when we construct
the Euler line following the �rst way described above (left) and the third
way (right). The triangle ABC is shown in green, the Euler line in black,
and the output from the command in blue.

Now, if we copy on Maple (https://www.maplesoft.com) the set of equations that Ge-
oGebra Discovery associates internally to the computation of the locus of C = (v9, v10) in
the �rst construction, and we eliminate all variables except the coordinates of C, we get the
ideal < v9 v10, v

3
9−v9 >, that is, a non-principal ideal that factors as < v9 > · < v10, v9−1 >

· < v10, v9+1 >. This means that the obtained locus includes points A = (−1, 0), B = (1, 0)
plus the line v9 = 0, i.e. x = 0, as expected. But GeoGebra Discovery internally represents
point A as y2+x2+2x+1 = 0, point B as y2+x2−2x+1 = 0, thus the output of GeoGebra
�as shown in the �gure� is the degree �ve polynomial, product of the three factors:
x(y2 + x2 + 2x+ 1)(y2 + x2 − 2x+ 1) = x5 + 2x3y2 − 2x3 + xy4 + 2xy2 + x.
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In this presentation we will analyse some of the strange behaviors appearing in this
example, using, as above, symbolic computation software to obtain conclusions that allows
us to improve the LocusEquation command in GeoGebra Discovery.
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EXPLORING THE DICRITICAL CONFIGURATIONS OF EXTENDED

PLANAR FOLIATIONS

ELVIRA PÉREZ-CALLEJO

Abstract. We study planar polynomial di�erential systems through considering folia-
tions on the complex plane. We deal with the algebraic integrability problem, which asks
for deciding whether a planar polynomial foliation has a rational �rst integral and to
calculate it in the a�rmative case. A classical procedure consists of the study of the
resolution of the extended foliation to some compacti�cation of the complex plane. Con-
sidering the projective plane and the Hirzebruch surfaces as compacti�cations, we explore
the di�erences between the dicritical resolutions of the respective extended foliations.

1. Preliminaries

1.1. Planar polynomial foliations. A foliation F on a smooth complex surface Z can be
de�ned by a family of pairs {(Ui, ωi)}i∈I , where {Ui}i∈I is an open covering of Z and, for
all i ∈ I, ωi is a non-zero regular di�erential 1-form such that, for any i, j ∈ I, ωi = fijωj
on Ui ∩ Uj for some fij ∈ OS(Ui ∪ Uj) (see [2]).

Given a point p ∈ Ui, let ωp = ap(x, y)dx + bp(x, y)dy be the local form of ωi at p. The
algebraic multiplicity of F at p is de�ned to be the integer νp(F) = min{ord(ap), ord(bp)}.
The singularities of F are the points p where νp(F ) ≥ 1. In this work any considered
foliation has isolated singularities.

Given two coprime polynomials P (x, y), Q(x, y) ∈ C[x, y], the planar vector �eld X =
P (x, y) ∂

∂x + Q(x, y) ∂∂y can also be determined by the di�erential 1-form ω = Q(x, y)dx −
P (x, y)dy. It de�nes a planar polynomial foliation, which will be denoted by FC2

.

1.2. Compacti�cations of the complex plane. The projective plane P2 can be regarded
as the quotient (C3 \ {(0, 0, 0)})/ ∼ where (X,Y, Z) ∼ (λX, λY, λZ) for all λ ∈ C∗. The
homogeneous coordinate ring of P2 is C[X,Y, Z] where all the variables are graded with
degree 1. The projective plane can be covered by three a�ne open sets, UX , UY and UZ ,
de�ned as UA = {(X : Y : Z) ∈ P2|A 6= 0}, for A = X,Y, Z. We can identify each one of
these a�ne open sets with C2. For example, in UZ , (X : Y : Z) = (X/Z : Y/Z : 1) so we
can identify UZ with C2 by means of the isomorphism (X : Y : Z) 7→ (x, y), where x = X/Z
and y = Y/Z.

Let δ ∈ Z≥0. The δth Hirzebruch surface is the projective space Fδ := PP1(OP1 ⊕
OP1(δ)). Fδ is a geometrically ruled surface over P1 that can be regarded as the quotient
(C2 \ {(0, 0)})× (C2 \ {(0, 0)})/ ∼ where (X0, X1;Y0, Y1) ∼ (λX0, λX1;µY0, λ

−δµY1) for all

The author has been partially supported by grant PID2022-138906NB-C22 funded by MI-
CIU/AEI/10.13039/501100011033 and by ERDF/EU and by TED2021-130358B-I00 funded by
MCIN/AEI/10.13039/501100011033 and by ERDF "A way of making Europe", as well as by grants GACU-
JIMB/2023/03 and UJI-B2021-02 funded by Universitat Jaume I.
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(λ, µ) ∈ C∗ × C∗. The homogeneous coordinate ring of Fδ is C[X0, X1, Y0, Y1] where the
variables are graded on Z × Z≥0 as follows: deg(X0) = deg(X1) = (1, 0), deg(Y0) = (0, 1)
and deg(Y1) = (−δ, 1). We say that a polynomial in C[X0, X1, Y0, Y1] is homogeneous of

degree (d1, d2) ∈ Z×Z≥0 if it is a sum of terms kXα0
0 Xα1

1 Y β0
0 Y β1

1 with α0 + α1 − δβ1 = d1,
β0 + β1 = d2 and k ∈ C∗. Fδ can be covered by four a�ne open sets, Uij , i, j ∈ {0, 1},
de�ned as Uij = {(X0, X1;Y0, Y1) ∈ Fδ|Xi 6= 0, Yj 6= 0}. We can identify each one of these

a�ne open sets with C2. For example, in U00, (X0, X1;Y0, Y1) = (1, X1/X0; 1, Xδ
0Y1/Y0) so

we can identify U00 with C2 by means of the isomorphism (X0, X1;Y0, Y1) 7→ (x, y), where
x = X1/X0 and y = Xδ

0Y1/Y0. Notice that F0 ∼= P1 × P1. One can read more about
Hirzebruch surfaces in [1].

The Hirzebruch surfaces (for δ 6= 1) together with the projective plane are (up to iso-
morphism) the relatively minimal rational surfaces. This means that any rational surface
admits a birational morphism to one of them (see [1, Theorem V.10]).

1.3. Extended foliations. We will denote by FP2 (respectively, Fδ) a foliation on P2
(respectively, Fδ). These foliations have the advantage that they can be easily introduced
by means of a global 1-form ΩP2 = AdX + BdY + CdZ (respectively, Ωδ = Aδ,0dX0 +
Aδ,1dX1+Bδ,0dY0+Bδ,1dY1) where A,B,C ∈ C[X,Y, Z] (respectively, Aδ,0, Aδ,1, Bδ,0, Bδ,1 ∈
C[X0, X1, Y0, Y1]) are homogeneous polynomials of certain degrees satisfying the Euler's
condition AX + BY + CZ = 0 (respectively, Aδ,0X0 + Aδ,1X1 − δBδ,1Y1 = 0 and Bδ,0Y0 +
Bδ,1Y1 = 0). See [3] (respectively, [5]) for more information on these constructions.

Let S0 be the projective plane P2 (respectively, the δth Hirzebruch surface Fδ). Notice that
{UX , UY , UZ} (respectively, {U00, U01, U10, U11}) is an open covering of S0 and consider the
isomorphism C2 → U , where U = UZ (respectively, U = U00). Our procedure of extending

a planar polynomial foliation FC2
de�ned by the 1-form ω to S0 is based on taking (U, ω)

as one of the pairs de�ning the foliation although it could have been done considering any
other pair (V, ω). The explicit algorithm to compute the global 1-form de�ning the extended
foliation is described in [8, Subsection 1.5.1.] (respectively, [6] or [8, Subsection 2.3.1.]).

1.4. Dicritical reduction of singularities. Let F be a foliation on a smooth complex
surface Z, p a singularity of F and assume that F is given at p, in local coordinates
x and y, by the di�erential 1-form ωp : ap(x, y)dx + bp(x, y)dy =

∑∞
h=νp(F) ωh,p, where

ωh,p = ah,pdx+ bh,pdy is the hth homogeneous jet of ωp. The point p is a simple singularity

if νp(F) = 1 and the matrix (
∂b1,p
∂x

∂b1,p
∂y

∂a1,p
∂x

∂a1,p
∂y

)

has two eigenvalues λ1, λ2 such that λ1λ2 6= 0 and λ1
λ2

/∈ Q≥0 or λ1λ2 = 0 and λ21 + λ22 6= 0.
Otherwise, p is an ordinary singularity. If p is an ordinary singularity that also satis�es the
equality xaνp(F),p + ybνp(F),p = 0, we say that p is a terminal dicritical singularity. By [9],
the ordinary singularities can be reduced by blowing up. The set of centers of the sequence
πF which reduces the terminal dicritical singularities of F is called dicritical con�guation

of F and it is denoted by BF .

1.5. Rational �rst integrals of foliations. Let S be either C2, P2 or Fδ, for δ ∈ Z≥0, and
F a foliation on S de�ned by the 1-form Ω. A rational �rst integral of F is a non-constant
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rational function R = F
G such that Ω ∧ dR = 0. We say that F is algebraically integrable if

it admits a rational �rst integral.

If r(x, y) = f
g is a rational �rst integral of a planar polynomial foliation FC2

, then

there exist two coprime homogeneous polynomials FP2 , GP2 ∈ C[X,Y, Z] (respectively,

FFδ , GFδ ∈ C[X0, X1, Y0, Y1]) of the same degree such that RP2(X,Y, Z) =
FP2
GP2

(respec-

tively, RFδ(X0, X1, Y0, Y1) =
FFδ
GFδ

) is a rational �rst integral of FP2 (respectively, Fδ), the
extended foliation of FC2

to P2 (respectively, Fδ). Moreover, r(X/Z, Y/Z) = RP2(X,Y, Z)
and r(X1/X0, X

δ
0Y1/Y0) = RFδ(X0, X1, Y0, Y1). This justi�es the search for rational �rst

integrals of foliations on P2 or Fδ.
By [7], the existence of a rational �rst integral of a foliation F on S is equivalent to

the fact that all reduced and irreducible F-invariant curves are precisely the irreducible
components of an irreducible pencil PF = 〈F,G〉 (we say that a pencil is irreducible when
its general element is a reduced and irreducible curve). Moreover, F/G is a rational �rst
integral of F .

We study the dicritical reduction of singularities of a foliation because, by [4, Corollary 2]
(proved for foliations on P2 and easily extensible to foliations on Fδ), BF coincides with the
con�guration of points which eliminates the base points of the pencil PF , and therefore, it
can provide information about a rational �rst integral of F . We emphasise that the number
of terminal dicritical divisors involved in the dicritical reduction a�ects the di�culty of the
calculation of the �rst integral; the larger the number, the more di�cult it becomes (see,
for example, [8, Subsection 2.4.1]).

2. Comparison of extensions

We conclude by providing two examples showing that both the dicritical con�guration
and the number of terminal dicritical points depend on the extension, and usually change.
Both examples show the proximity graph of the dicritical con�guration of two di�erent
extensions, with the terminal dicritical points highlighted in red. For the construction of
these examples, the software system Mathematica has been used.

Example 2.1. Let FC2
be an (algebraically integrable) polynomial foliation on C2 de�ned

by the 1-form ω := (−6y − xy3)dx + (−6x − x3y)dy and consider the extended foliations

FP2 and F0, to P2 and F0, respectively.

p1

p2

p3

p4

p5

p6

p7

p8

p9

p10

q1

q2

q3

q4

q5

q6

q7

q8

Figure 1. Proximity graph of BFP2 (on the left) and BF0 (on the right)
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The left-hand side of Figure 1 shows the proximity graph of the dicritical con�guration

of the foliation FP2 while the right-hand side shows the proximity graph of the dicritical
con�guration of F0. We see that extending to F0 instead of P2, the number of terminal
dicritical divisors (and hence, the di�culty of the computation of a rational �rst integral)
decreases.

Example 2.2. Let FC2
be an (algebraically integrable) polynomial foliation on C2 de�ned

by the 1-form ω := (−1−4x3+3y+4x3y−3y2+y3)dx+(−2−2x−4x4+4y+4xy−2y2−2xy2)dy

and consider the extended foliations FP2 and F2 to P2 and F2, respectively.

p1

p2

p3

p4

p5

p6

p7

p8

p9

p10

q1

q2

q3

q4

q5

q6

q7

q8

q9

q10

q11

q12

q13

Figure 2. Proximity graphs of BFP2 (on the left) and BF2 (on the right)

In this case, extending to F2 instead of P2 increases the number of terminal dicritical
divisors (and hence, the di�culty of the computation of a rational �rst integral).
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GENERALIZED ASYMPTOTES OF PARAMETRIC CURVES

SONIA PÉREZ-DÍAZ

Abstract. We obtain a simple formula based on the computation of some derivatives
for determining the asymptotes of curves that are de�ned by a rational parametrization.
For this purpose, we use some previous results and notions presented in [1], [2], [3] and
[4]. We develop this method for the plane case but it can be adapted for rational curves
in the n-dimensional space. In addition, the formulas presented can be similarly obtained
for curves de�ned by a parametrization not necessarily rational.

Introduction

In this paper we present an algorithmic solution that allows to determine the behavior
at in�nity of a plane parametric curve, C, by calculating the generalized asymptotes of its
branches at points with su�ciently large coordinates. This concept generalizes the classical
concept of asymptote and its methods of calculation.

Intuitively, given a curve C, C̃ is said to be a g-asymptote of C, if C̃ is a curve of the
smallest possible degree that approximates C at in�nity (see [1, 2]). The method presented
in Section 3 is based on the preliminary studies in Section 1, as well as on the concepts of
perfect curve and g-asymptote de�ned in Section 2.

It should be noted that the novelties with respect to previous works are based on an
improvement and implementation of the results presented here, illustrating them by means of
an algorithm based on the calculation of some derivatives in one variable. More precisely, the
novelty lies in the explicit formulas displayed in Theorem 3.1, which allow the computation
of the g-asymptotes of a curve de�ned by a parametrization by merely determining some
simple derivatives of functions constructed from the input parametrization.

1. Notation and Preliminaries

In the following, we introduce some basic notions as the concept of in�nity branch, con-
vergent branches and approaching curves, obtained from some previous results (see [1, 2, 4]).

We consider an irreducible algebraic a�ne plane curve C over C de�ned by the irreducible
polynomial f(x, y) ∈ R[x, y]. Let C∗ be its corresponding projective curve, de�ned by the
homogeneous polynomial F (x, y, z) = fd(x, y) + zfd−1(x, y) + z2fd−2(x, y) + · · · + zdf0 ∈
R[x, y, z], where d := deg(C) and fi are homogeneous polynomials of degree i, i ∈ {0, . . . , d}.
We assume that (0 : 1 : 0) is not an in�nity point of C∗ (otherwise, we may consider a linear
change of coordinates). In order to get the in�nity branches of C, we consider the curve
de�ned by the polynomial g(y, z) = F (1 : y : z) and we compute the Puiseux series,
φi, i = 1 . . . degy(g) of g(y, z) = 0 around z = 0 ([2]). In the following, we denote by

φ(t) = m + a1t
N1/N + a2t

N2/N + a3t
N3/N + · · · , ai ̸= 0, ∀i ∈ N, with Ni ∈ N, i = 1, . . .,

Author is partially supported by Ministerio de Ciencia, Innovación y Universidades -Agencia Estatal de
Investigación/PID2020-113192GB-I00 (Mathematical Visualization: Foundations, Algorithms and Applica-
tions). Author belongs to the Research Group ASYNACS (Ref. CCEE2011/R34).
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2 SONIA PÉREZ-DÍAZ

and 0 < N1 < N2 < · · · one of these series. Then, g(φ(t), t) = 0 in some neighborhood of
z = 0 where φ(z) converges.

De�nition 1.1. An in�nity branch of an a�ne plane curve C associated to the in�nity
point P = (1 : m : 0), m ∈ C, is a set B = {(z, r(z)) ∈ C2 : z ∈ C, |z| > M}, where
r(z) = zφ(z−1) = mz + a1z

1−N1/N + a2z
1−N2/N + a3z

1−N3/N + · · · and M ∈ N.

De�nition 1.2. Given two branches, B = {(z, r(z)) ∈ C2 : z ∈ C, |z| > M} and B =
{(z, r(z)) ∈ C2 : z ∈ C, |z| > M}, we say that they converge if limz→∞(r(z)− r(z)) = 0.

De�nition 1.3. Let C be an algebraic plane curve with an in�nity branch B. We say that
a curve C approaches C at its in�nity branch B if limz→∞ d((z, r(z)), C) = 0

[2] shows that if C is a plane curve with an in�nite branch B then, a plane curve C
approximates C at B i� C has an in�nite branch B such that B and B are convergent.

2. Generalized Asymptotes and Perfect Curves

From the concepts introduced in Section 1, we get the following de�nitions (see [1]).

De�nition 2.1. An algebraic curve of degree d is a perfect curve if it cannot be approached
by any curve of degree less than d.

A curve that is not perfect can be approached by other curves of smaller degree. If these
curves are perfect, we call them g-asymptotes.

De�nition 2.2. Let C be a curve with an in�nity branch B. A g-asymptote (generalized
asymptote) of C at B is a perfect curve that approaches C at B.

Let C be with a branch B = {(z, r(z)) ∈ C2 : z ∈ C, |z| > M}, where r(z) =

mz+a1z
1−N1/N + · · ·+akz

1−Nk/N +ak+1z
1−Nk+1/N + · · · , with a1, a2, . . . ∈ C\{0},m ∈ C,

N,N1, N2 . . . ∈ N, and 0 < N1 < N2 < · · · . Assume that Nk ≤ N < Nk+1 that is, the
terms ajz

1−Nj/N with j ≥ k + 1 have negative exponent. In the following, we write r(z) =

mz+a1z
1−n1/n+ · · ·+akz

1−nk/n+ak+1z
1−Nk+1/N + · · · with gcd(N,N1, . . . , Nk) = b,Nj =

njb, N = nb, j = 1, . . . , k. That is, we simplify the exponents such that gcd(n, n1, . . . , nk) =

1. Note that 0 < n1 < n2 < · · · , nk ≤ n, and N < nk+1, i.e. the terms ajz
1−Nj/N with

j ≥ k+1 have negative exponent. Let r̃(z) = mz+a1z
1−n1/n+ · · ·+akz

1−nk/n be the terms
with non-negative exponent of r(z). We consider z = tn, to get the proper parametrization

of the curve C̃, P̃(t) = (tn,mtn + a1t
n−n1 + · · ·+ akt

n−nk) ∈ C[t]2, where n, n1, . . . , nk ∈ N,
gcd(n, n1, . . . , nk) = 1, and 0 < n1 < · · · < nk, is a g-asymptote of C ([1]).

Now, we present a method to compute g-asymptotes of a plane curve from their parametric
(rational) representation. This method is included in [3] and it involves the computation of
Puiseux series. In Section 3, we develop a new method that allows to easily compute the g-
asymptotes by only determining some derivatives of rational functions constructed from the
given parametrization ([4]). Let C be a plane curve de�ned by the rational parametrization
P(s) = (p1(s), p2(s)), pi(s) = pi1(s)/pi2(s), gcd(pi1, pi2) = 1, i = 1, 2. A parametrization of
C∗ is given by P∗(s) = (1 : p2(s)/p1(s) : 1/p1(s)) .

In order to compute the g-asymptotes of C, �rst we need to determine the in�nity branches
B = {(z, r(z)) ∈ C2 : z ∈ C, |z| > M}, where r(z) = zφ(z−1). From De�nition 1.1, we
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have that f(z, r(z)) = F (1 : φ(t) : t) = 0 around t = 0, where t = z−1. Now, we
have the parametrization P∗ and then F (1 : p2(s)/p1(s) : 1/p1(s)) = 0. Hence, in order
to compute the in�nity branches of C, and in particular φ, one needs to rewrite P∗(s)
in the form (1 : φ(t) : t) around t = 0. For this purpose, we look for a value of the
parameter s, say ℓ(t) ∈ C⟨⟨t⟩⟩ (C⟨⟨t⟩⟩ denotes the �eld of formal Puiseux series), such
that P∗(ℓ(t)) = (1 : φ(t) : t) around t = 0. Hence, we have to consider the equation
1/p1(s) = t (equivalently, p12(s) − tp11(s) = 0), and then we solve it in the variable s
around t = 0. From Puiseux's Theorem, there exist ℓi(t) ∈ C⟨⟨t⟩⟩ such that, p12(ℓi(t)) −
tp11(ℓi(t)) = 0, i ∈ {1, . . . , k}, in a neighborhood of t = 0. For each i ∈ {1, . . . , k}, there
exists Mi ∈ R+ such that the points (1 : φi(t) : t) (equivalently, (t

−1 : t−1φi(t) : 1)), where
φi(t) = p2(ℓi(t))/p1(ℓi(t)), are in C∗ for |t| < Mi. We set z = t−1 to get (z, ri(z)), where
ri(z) = zφi(z

−1), are in C for |z| > M−1
i . Hence, the in�nity branches are Bi = {(z, ri(z)) ∈

C3 : z ∈ C, |z| > M−1
i }, i ∈ {1, . . . , k}. Note that p1(ℓi(t))t = 1, for i ∈ {1, . . . , k} and

then φi(t) = p2(ℓi(t))/p1(ℓi(t)) = p2(ℓi(t))t, ri(z) = zφi(z
−1) = p2(ℓi(z

−1)). Once we
have the in�nity branches, we can compute a g-asymptote by simply removing the terms
with negative exponent from ri.

3. Computation of g-asymptotes of parametric curves using derivatives

In this section, we present a method that allows us to easily compute all the g-asymptotes
of a curve de�ned by a parametrization by only determining some simple derivatives of
functions constructed from the input parametrization. Although the formulas obtained in
Theorem 3.1 are new, the main idea for proving this theorem using some previous and
well-established results can be found in [4].

Theorem 3.1. Let C be a curve de�ned by a parametrization P(s) = (q1(s), q2(s)) ∈ R(s)2,
where qi(s) = pi(s)/p(s), and gcd(p1, p2, p) = 1, i = 1, 2. Let τ ∈ C be such that we write
p(t) = (t − τ)np(t) where p(τ)p1(τ) ̸= 0, i = 1, 2, and n ≥ 1. Let B be the corresponding

in�nity branch. A g-asymptote of B is de�ned by P̃(t) = (tn, ant
n + an−1t

n−1 + · · · + a0),

where an = p2(τ)
p1(τ)

, ai =
1

(n−i)! ·
∂n−1−i

∂tn−1−i

(
∂

∂t

(
p2(t)

p1(t)

)
·
(
p1(t)

p(t)

)(n−i)/n
)
(τ), 0 ≤ i ≤ n− 1.

Example 3.1. Let C be the plane curve de�ned by the parametrization

P(s) =

(
s4 − s3 + 5s2 + 2s+ 1

s4(s− 1)(s− 2)
,
1/27(−108− 216s+ 27s4 − 367s3 − 2440s2)

s4(s− 1)(s− 2)

)
∈ R(s)2.

We compute the g-asymptotes of C using Theorem 3.1. For this purpose, we �rst observe
that p3(s) has the roots τ1 = 1, τ2 = 2, τ3 = 0, with multiplicities n1 = n2 = 1, and n3 = 4.
They provide the in�nity points (1 : −388/27 : 0) (for τ1, τ2) and (1 : −4 : 0) (for τ3).
For τ1 = 1, let r(s) := 1/27(−108− 216s+ 27s4 − 367s3 − 2440s2)/(s4(s− 2)), ℓ(s) :=
1/27(−108− 216s+ 27s4 − 367s3 − 2440s2)/(s4 − s3 + 5s2 + 2s+ 1), a1 = ℓ(1) = −388/27,

a0 = ∂ℓ
∂t (1)r(1) = −405460/729. Then, we obtain the g-asymptote C̃1, de�ned by the proper

parametrization P̃1(t) = (t, −388/27t+ 1045/27).
For τ2 = 2, we get r(s) := 1/27(−108− 216s+ 27s4 − 367s3 − 2440s2)/(s4(s− 1)), and

a1 = ℓ(2) = −388/27, a0 = ∂ℓ
∂t (2)r(2) = −67415/729. Then, we obtain the g-asymptote C̃2,

de�ned by the proper parametrization P̃2(t) = (t, −388/27t+ 695/108).
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For τ3 = 0, r(s) := (1/27(−108− 216s+ 27s4 − 367s3 − 2440s2))1/4/((s− 1)1/4(s− 2)1/4),

a4 = ℓ(0) = −4, a3 =
∂ℓ
∂t (0)r(0) = 0, a2 =

1
2! ·

∂

∂t

(
∂ℓ(t)

∂t
· r(t)2

)
(0) = 950/27

√
2,

a1 =
1
3! ·

∂2

∂t2

(
∂ℓ(t)

∂t
· r(t)3

)
(0) = 0, a0 =

1

4!
· ∂3

∂t3

(
∂ℓ(t)

∂t
· r(t)4

)
(0) = 6535/144.

The g-asymptote C̃3 is de�ned by (t4, −4t4+950/27
√
2t2+3080665/2916) that can be properly

reparametrize as P̃3(t) = (t2, −4t2 + 950/27
√
2t+ 6535/144).

Figure 1. Curve C.

Figure 2. Asymptotes of the curve C.

Figure 3. Curve C and g-asymptotes.
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A REAL MECHANICAL GEOMETER

(EXTENDED ABSTRACT)

TOMÁS RECIO AND M. PILAR VÉLEZ

Abstract. In our talk we introduce, �rst the current performance of the programs Ge-
oGebra and GeoGebra Discovery regarding some automatic reasoning tools features, that
use computational algebraic geometry methods, mostly in the complex setting. Then we
focus on the pending theoretical and algorithmic issues to extend (in the same technologi-
cal and educational framework) such methods to deal with statements in the real algebraic
geometry context.

1. The Automated Geometer in GeoGebra and GeoGebra Discovery:

current performance

Along the past decade we have worked towards the development of a kind of Auto-
mated Geometer([1, 8, 10]), initially implemented on the popular program GeoGebra (www.
geogebra.org).

Thus, the general version of GeoGebra �with more that 100 million users all over the
world� includes already some automated reasoning tools (using and implementing partially
some of the algorithms mentioned in the previous references). For example, GeoGebra is
capable of

• �nding an equality relation between two given geometric objects in a construction
(i.e. of formulating a thesis holding under the set of hypotheses describing the
geometric construction),
• of checking the truth/failure of a conjectured (by the user) relation,
• or �nding missing hypotheses for a given relation to hold true.

The performance of these GeoGebra automated reasoning tools is quite impressive (as
highlighted in the initially mentioned references). But, we want to focus here in the fact that
GeoGebra commands, for proving or �nding geometric properties, have some limitations
that have been addressed in the fork version of GeoGebra named GeoGebra Discovery.
GeoGebra Discovery (see https://kovzol.github.io/geogebra-discovery/ for further
details) extends GeoGebra tools by including new features (see [4, 5, 7, 9] for details and
examples):

• �nding the relation between two given geometric objects in a construction, including,
in the case of lengths, the discovery of relations that are not of equality : obtaining
algebraic number ratios, or inequality relations, through comparison,

The authors have been partially supported by the grant �Mathematical Visualization: Foundations,
Algorithms and Applications� PID2020-113192GB-I00 from the Spanish MICINN.

The talk at the meeting EACA 2024 has been given by both authors.
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2 TOMÁS RECIO AND M. PILAR VÉLEZ

• of checking the truth/failure of a conjectured (by the user) relation involving inequal-
ities (e.g. a6 + b6 + c6 ≥ 5148r6, related to an AMS-Monthly Problem, involving
the sides of a triangle and the radius r of the incircle, see [13])
• discovering automatically all possible relations of a certain kind (co-circularity, par-
allelism, perpendicularity, etc) among the elements of a construction involving a
chosen element, or all of them,
• the possibility, through the ShowProof command [11], of displaying in the GeoGebra
Discovery CAS window the di�erent algebraic steps internally performed by the
program to con�rm or deny a given statement,
• as well as a measure of the complexity of the proved statement, de�ned (see [11] for
details) as the maximum degree of the polynomials fi, such that t = f1h1+· · ·+frhr,
or such that 1 = f1h1+ · · ·+frhr+fr+1∗(zt−1), where t is the thesis and h1, . . . , hr
are the hypotheses.

These improvements required, in particular, the porting, on a web platform and to GeoGebra
Discovery, of the software program Tarski (https://www.usna.edu/Users/cs/wcbrown/
tarski/index.html, https://matek.hu/zoltan/tarski/webtarski.html), for perform-
ing the required real quanti�er elimination algorithms, see [7] for details.

2. A real automated geometer

The previous, summary, description of the current automated reasoning features of Ge-
oGebra and GeoGebra discovery, did not include any reference to some subtle, but core,
issues ruling the implemented protocols and algorithms. Within the space limitations of this
extended abstract, let us roughly declare (referring to [12, 8, 4] for details and references)
that dealing with a statement such as {h1 = 0, . . . , hr = 0} ⇒ t = 0

• cannot be approached simply by considering that it is true i� t belongs to the ideal
of the zeroes of (h1, . . . , hr) (using the corresponding Nullstellensatz, when working
over the complex or over the real numbers). Indeed, most statements require to
handle (to de�ne, to get rid o�) the degenerate instances that rise, unexpectedly, in
the algebraic formulation of practically any statement. This involves
• selecting (perhaps by the user or automatically, following the steps of the geometric
construction) a collection of variables equal to the (topological, Hilbert) dimension
of the algebraic variety de�ned by the hypotheses,
• considering as non-degenerate components those where such variables remain inde-
pendent
• labeling as algebraically/geometrically/generally/partially true those statements where
the thesis belongs to the ideal of hypotheses/vanishes over the whole hypotheses va-
riety/or at least over all the non-degenerate components/or at most over some, but
not all such components. Let us remark that, in practice, it is quite common, and
illustrative, to learn which of these cases holds for a given statement.
• detecting each of these cases without having to compute the ideal of the hypotheses
variety or its components, but simply proceeding by checking if the output of some
elimination algorithm is or not zero,
• obtaining, in the generally true case, some degeneracy conditions that should be
avoided for the statement to be geometrically true,
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• computing the complexity of a geometrically true statement by expressing 1 as an
element of the ideal generated by the hypotheses and the negation zt − 1 of the
thesis, after computing its normal form (0) with respect to a Gröbner basis of this
ideal, and then expressing each element of this basis as a combination of the given
generators.

It is well known (see [4]) that there are relevant coincidences (and di�erences) regarding
the concept of truth for elementary geometry statements, if considered in the complex or
real settings (for the zeroes of the involved hypotheses and thesis algebraic varieties). Many
statements that hold true (in some of the senses de�ned above) over the reals hold as well
over the complexes, so it is advisable to proceed, �rst, to verify its truth over the latter �eld,
as it is easier, computationally speaking. Yet, our on-going research work aims to develop
a similar theoretical framework to the one described above,

• speci�cally adapted to the case of real zeroes, including the case of statement dealing
with inequalities (in the hypotheses, in the thesis), and handling an equivalent notion
to non-degenerate component for semi-algebraic hypotheses sets.
• without having to compute the real radical, or the real irreducible components, for
detecting the generally true, etc. case.
• replacing the elimination protocol of the complex case by a certain projection (i.e.
a basic elimination of quanti�ers), where we might be interested just in learning if
such projection is contained, or not, on a proper, real hypersurface.
• keeping the (complex) notion of complexity, but this time considering, for its com-
putation, the polynomials appearing in the real Nullstellsataz or Positivestellesatz,
expressing that a given element belongs to the real radical of an ideal, or that it is
zero, positive, strictly positive, etc. over a semialgebraic set.

We consider that this list of on-going tasks for developing a truly performing real auto-
mated geometer involve several, elementary, real algebraic geometry (RAG) issues that we
are currently unable to address from a practical algorithmic perspective. Presenting the
basic ideas of our project, to get some feedback from the EACA scienti�c community, is the
�nal goal of our communication.
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USING EXPLAINABLE AI TO EXTRACT INSIGHTS ON ALGEBRAIC
PROCEDURES: A CASE STUDY ON VARIABLE ORDERING FOR CAD

TERESO DEL RÍO ALMAJANO

Abstract. Machine learning models have been successfully used to optimise computa-
tional algebra algorithms; wouldn’t it be great if we could extract mathematical insights
from them? We will explore how explainable AI (XAI) techniques can determine which
features have the greatest impact on the decisions made by trained machine learning mod-
els. Then, we will use these features to develop new heuristics of a size and complexity
similar to those human-designed heuristics currently commonly used that can be easily
coded, avoiding computer algebra implementations from calling, and therefore creating
dependencies, on AI tools.

1. Our Case Study: Choosing Variable Ordering for CAD

We present the algorithm of Cylindrical Algebraic Decomposition (CAD), the impact that
the variable ordering can have in its complexity and how researchers have trained machine
learning models to choose which variable ordering to use.

1.1. Cylindrical Algebraic Decomposition and the importance of Variable Order-
ing. CAD is an algorithm with multiple applications whose potential is strongly limited by
its high computational complexity. This algorithm has a doubly exponential complexity in
the number of variables, that is, the cost of building a CAD increases as more variables are
added in a similar way to the number of wheat grains in Figure 1.

Nevertheless, [1] proved that the complexity of this algorithm was strongly dependant on
the variable ordering chosen (in which order we study the variables). In fact, they discovered
some polynomials for which a bad variable resulted in a doubly exponential computational
complexity, while a good variable ordering had a constant complexity, that is, remained the
same regardless of the number of variables. Therefore, choosing developing strategies to
choose the right variable ordering might have an impact on the average complexity of CAD
and therefore on its potential use on applications.

1.2. Machine Learning Models for Choosing the Variable Ordering. To train ma-
chine learning models we used a slight modification (balancing the training dataset, see [2])
of the machine learning methodoloy presented by Florescu and England [4].

This methodology generates multiple features to describe each set of polynomials to the
machine learning models [3]. One of the features they generate is the maximum of the sum

The first author has been supported by Coventry University.
The talk at the meeting EACA 2024 has been given by the first author.
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Figure 1. Piles with a
number of grains of wheat
growing doubly exponen-
tially

Figure 2. An explana-
tion of a decision made by
the MLP model to decide
whether a given variable
ordering was optimal or
not.

Figure 3. CADs sign-invariant for the set of polynomials {x5+5x4+5x3−
5x2 − 6x − 2y}. Using ordering x ≻ y, we obtain a CAD with 57 cells (18
shaded areas, 27 curve segments and 12 points). Using the ordering y ≻ x
generates only 3 cells (2 areas and one curve).

of all the degrees of the variable v1 inside a polynomial, that is,

avg
p∈S

(
avg

monom∈p
(degreev1(monom))

)
.

We denote this feature as avg(avg(v1(S))) and as an example, given S = {4v31v3−v2v3, 2v31v2+
v21v2v3 + 2v21v

3
3 + 7}, avg(avg(v1(S))) = 7.

27 unique features were generated this way for each variable, adding up to a total of 81
features to describe sets of polynomials in three variables. These features were used to train
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KNN MLP
1 avg(max(v3(S))) sum(max(v3(S)))

2 sum(max(v3(S))) sum(max(v2(S)))

3 avg(max(v2(S))) sum(avg(v3(S)))

4 sum(max(v2(S))) avg(sum(sv3(S)))

5 max(max(v1(S))) sum(avg(v2(S)))

SVM DT
1 avg(max(v1(S))) avg(avg(v2(S)))

2 avg(max(v2(S))) avg(avg(sg1(S)))

3 sum(max(v2(S))) max(sum(v3(S)))

4 avg(max(v3(S))) avg(avg(v3(S)))

5 sum(max(v3(S))) avg(max(v1(S)))
Table 1. The top five features that each model found to have the highest
average impact on model output magnitude.

various machine learning models: Decision Tree (DT), Random Forest (RF), Multi-Layer
Perceptron (MLP) and Support Vector Machine (SVM).

2. Extracting a Heuristic using Explainable AI

We introduce the technique employed to measure the impact of each feature in a decision
taken by the model, how we agregated that information to identify the most impactful
features overall, and finally how we combine them to create a heuristic.

2.1. SHAP. The SHAP approach was introduced in 2017 by [5] as a unification of existing
explanation methods. It is model-agnostic implying that it can be applied to any model
and it is a type of post-hoc explainability, that is, it explains an already existing model, it
doesn’t create models that are intrinsically explainable.

To illustrate the impact that each feature had in a decision made by a model according to
SHAP a waterfall plot like that in Figure 2 can be used, in which the features that contribute
to a positive response are the red bars and those at the top have the largest effect on the
output. In the figure, sum(max(v2(S))) is the most impactful feature.

2.2. Identifying most impactful features. To find the most impactful features we ag-
gregated the impact of these features accross all decisions made by each model, being the
most impactful ones those that appear in Table 1.

To combine these classifications into a single one we used a votation system, assigning
one to each winner, a half to each second and so on, restulting

2.3. Creating a heuristic. We created a simple heuristic that chose a variable first if it
minimised the most impactul feature, breaking ties with the second most impactful, and if
there was another tie with the third one it picked randomly. We baptised it as T1 and it
outperformed existing heuristics as can be seen in Figure 4.
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Feature Name Voted
Score

sum(max(vi(S))) 3.333
avg(avg(vi(S))) 2.167
sum(sum(vi(S))) 1.158
avg(avg(sgi(S))) 1.15
sum(sg(sum(vi(S)))) 0.794

Table 2. Voted score of merged and aggregated features across all models.

Figure 4. Survival plot for best-existing heuristics and new heuristics pro-
posed in the problems that take more than 30 seconds for all the orderings.

References

1. Christopher W. Brown and James H. Davenport, The complexity of quantifier elimination and cylin-
drical algebraic decomposition, Proceedings of the International Symposium on Symbolic and Algebraic
Computation, ISSAC (2007), 54–60.

2. Tereso del Río and Matthew England, Data augmentation for mathematical objects, Proceedings of the
8th Workshop on Satisfiability Checking and Symbolic Computation (SC2 2023) (Erika Ábrahám and
Thomas Sturm, eds.), CEUR Workshop Proceedings, no. 3455, 2023, pp. 29–38.

3. Dorian Florescu and Matthew England, Algorithmically generating new algebraic features of polynomial
systems for machine learning, Proceedings of the 4th Workshop on Satisfiability Checking and Symbolic
Computation (SC2 2019) (J. Abbott and A. Griggio, eds.), CEUR Workshop Proceedings, no. 2460,
CEUR-WS, 2019.

4. , A machine learning based software pipeline to pick the variable ordering for algorithms with
polynomial inputs, Mathematical Software – ICMS 2020 (A. Bigatti, J. Carette, James H. Davenport,
M. Joswig, and T. de Wolff, eds.), Lecture Notes in Computer Science, vol. 12097, Springer International
Publishing, 2020, pp. 302–311.

5. Scott M. Lundberg and Su-In Lee, A unified approach to interpreting model predictions, Proceedings of
the 31st International Conference on Neural Information Processing Systems (2017), 4768–4777.

Coventry University
Email address: delriot@coventry.ac.uk

130



ASYMMETRIC QUANTUM CODES FROM PROJECTIVE
REED-MULLER CODES

DIEGO RUANO AND RODRIGO SAN-JOSÉ

Abstract. We obtain the relative hull of projective Reed-Muller codes over the projec-
tive plane by translating the problem to a problem regarding polynomials in a quotient
ring. The dimension of the hull determines the minimum number of maximally entangled
pairs required for the corresponding entanglement-assisted quantum error-correcting code.
Hence, we completely determine the parameters of the asymmetric entanglement-assisted
quantum error-correcting codes constructed with projective Reed-Muller codes over the
projective plane. Moreover, we also show how to increase the dimension of the hull via
monomially equivalent codes in some cases. This allows us to construct quantum codes
without requiring entanglement assistance.

Introduction

Evaluation codes, have a rich algebraic structure and can be studied using tools from
commutative algebra [6, 8]. In particular, projective Reed-Muller codes are a family of
evaluation codes obtained by evaluating homogeneous polynomials of a given degree at the
projective space [7, 12]. From the algebraic point of view, the interest of evaluation codes
lies in the fact that they allow us to translate problems concerning applications of coding
theory to questions regarding polynomials in a quotient ring.

The importance of quantum error-correcting codes (QECCs) is growing in parallel to the
interest in quantum computing, as QECCs are necessary to achieve fault tolerant computa-
tion [11] and for quantum communication. One can construct QECCs from self-orthogonal
classical linear codes using the CSS construction [3, 13]. However, for entanglement-assisted
quantum error-correcting codes (EAQECCs) [2], the self-orthogonality condition is no longer
required. We consider the asymmetric case, where the corresponding EAQECCs have two
minimum distances δz and δx, measuring the error-correction capability for phase-shift errors
and qudit-flip errors [5], respectively. For the CSS construction, one can consider two codes
C1 and C2, and the minimum number required of maximally entangled quantum states is
given by c := dimC1 − dimC1 ∩ C⊥

2 . Therefore, the dimension of the relative hull of C1

with respect to C2, defined in [1] as

HullC2(C1) := C1 ∩ C⊥
2 ,
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2 DIEGO RUANO AND RODRIGO SAN-JOSÉ

determines the parameter c. In this work, we aim to give formulas for the dimension of
the relative hull, when the codes considered are projective Reed-Muller codes. We also
find conditions to increase the dimension of the hull via monomially equivalent codes, thus
decreasing the parameter c.

1. Preliminaries

Let Fq be the finite field with q elements, and let Pm be the projective space over Fq. We
fix representatives for the points of Pm as follows: for each point [Q] ∈ Pm, we choose the
representative whose leftmost entry is equal to 1. We will denote by Pm = {Q1, . . . , Qn} ⊂
Am+1, with n = |Pm| = qm+1−1

q−1 , the set of representatives that we have chosen.
We consider now the polynomial ring S = Fq[x0, . . . , xm]. The evaluation map is the

Fq-linear map defined by

ev : S → Fnq , f 7→ (f(Q1), . . . , f(Qn)) .

Let d be a positive integer. If we consider Sd ⊂ S, the set of homogeneous polynomials of
degree d, we have that ev(Sd) is the projective Reed-Muller code of degree d, which we will
denote by PRMd(m). Their parameters were determined in [12], and are summarized in the
following result.

Theorem 1.1. The projective Reed-Muller code PRMd(q,m), 1 ≤ d ≤ m(q − 1), is an
[n, k]-code with

n =
qm+1 − 1

q − 1
,

k =
∑

t≡d mod q−1,0<t≤d



m+1∑

j=0

(−1)j
(
m+ 1

j

)(
t− jq +m

t− jq

)
 .

For the minimum distance, we have

wt(PRMd(q,m)) = (q − s)qm−r−1, where d− 1 = r(q − 1) + s, 0 ≤ s < q − 1.

Since PRMd(m) = ev(Sd), we have the isomorphism

PRMd(m) ∼= Sd/(I(P
m) ∩ Sd) ∼= (Sd + I(Pm))/I(Pm),

where I(Pm) is the vanishing ideal of Pm. This isomorphism allows us to view the vectors
of the code as polynomials in a quotient ring. Moreover, we can express many important
aspects of the code purely in terms of polynomials, for example the minimum distance [6]
or their duals [8]. In what follows, we will abuse the notation and denote Sd/I(Pm) =
(Sd + I(Pm))/I(Pm). Moreover, for a polynomial f ∈ S, we will use the same notation f
for both the polynomial and its class in S/I(Pm). The theory of Gröbner bases is one of the
main tools that are used for studying evaluation codes using this approach. We introduce
now some Gröbner-related results for projective Reed-Muller codes from [4].

Theorem 1.2. A universal Gröbner basis for I(Pm) is given by the generators

I(Pm) =⟨x20 − x0, xq1 − x1, xq2 − x2, . . . , xqm − xm, (x0 − 1)(x21 − x1),
(x0 − 1)(x1 − 1)(x22 − x2), . . . , (x0 − 1) · · · (x2m−1 − xm−1), (x0 − 1) · · · (xm − 1)⟩.
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In this work we will mainly study the case m = 2, since we want to obtain explicit
formulas and they get increasingly more involved when we increase m. For m = 2 we have

I(P 2) = ⟨x20 − x0, xq1 − x1, xq2 − x2, (x0 − 1)(x21 − x1), (x0 − 1)(x1 − 1)(x2 − 1)⟩.
Lemma 1.3. Let 1 ≤ d ≤ 2(q − 1). We consider the following sets of monomials:

Ad1 = {xa00 xa11 xa22 | a0 > 0, a0 + a1 + a2 = d, 0 ≤ a1, a2 ≤ q − 1},
Ad2 = {xa11 xa22 | a1 > 0, a1 + a2 = d, 0 ≤ a2 ≤ q − 1}, Ad3 = {xd2}.

Then, Ad = Ad1 ∪Ad2 ∪Ad3 forms a basis for Sd/I(P 2).

2. Relative hull of projective Reed-Muller codes

We start by computing bases for Sd1/I(P 2) ∩ Sd2/I(P 2) for any 1 ≤ d1 < d2 ≤ 2(q − 1).
We do this by considering the bases from Lemma 1.3 for Sd1/I(P 2) and Sd2/I(P

2), and
then dividing them by the Gröbner basis from Theorem 1.2, which helps us to discuss which
polynomials lie in the intersection. Since, for d ̸≡ 0 mod q − 1, the family of projective
Reed-Muller codes is closed under duality [12], the dimension of these vector spaces gives
the dimension for the relative hulls of projective Reed-Muller codes.

In the following, for an integer 0 ≤ z ≤ 2(q−1), we denote by z the integer 1 ≤ z ≤ q−1
such that z ≡ z mod q − 1 if z > 0, and z = 0 if z = 0.

Theorem 2.1. Let 1 ≤ d1 < d2 ≤ 2(q − 1), and let Y = {0, 1, . . . ,min{d1 − 1, d2 − q}}.
If d1 ≡ d2 mod q − 1, Ad1 is a basis for Sd1/I(P 2) ∩ Sd2/I(P 2). If d1 ̸≡ d2 mod q − 1, the
following set B is a basis for Sd1/I(P 2) ∩ Sd2/I(P 2):

B =





Ad11 if d2 ≤ q − 1,

Ad11 ∪
(⋃

a2∈Y {x
d1−a2
1 xa22 }

)
if d1 ≤ q − 1 < d2,

Ad11 ∪
(⋃

a2∈Y {x
d1−a2
1 xa22 }

)
∪ {Qd1,d2} if q ≤ d1,

where
Qd1,d2 := xd12 + xd1−d21 xd22 + xd1−d20 xd22 + xd1−d20 xd2−d11 xd12 ∈ Sd1 .

In particular, the image by the evaluation map of B is a basis for PRMd1(2) ∩ PRMd2(2).

Using this result about the relative hull, and the CSS construction that we introduce
next in Theorem 2.2, we can give the parameters of the asymmetric EAQECCs arising from
projective Reed-Muller codes in Theorem 2.3.

Theorem 2.2. Let Ci ⊂ Fnq be linear codes of dimension ki, for i = 1, 2. Then, there is an
asymmetric EAQECC with parameters [[n, κ, δz/δx; c]]q, where

c = k1 − dim(C1 ∩ C⊥
2 ), κ = n− (k1 + k2) + c,

δz = wt
(
C⊥
1 \

(
C⊥
1 ∩ C2

))
and δx = wt

(
C⊥
2 \

(
C⊥
2 ∩ C1

))
.

Theorem 2.3. Let 1 ≤ d1 ≤ d2 < 2(q − 1), d1 + d2 ̸≡ 0 mod q − 1, d1 ̸= q − 1 ̸= d2. Let
k1 = |Ad11 | and k2 = |Ad

⊥
2

1 |, where d⊥2 = 2(q−1)−d2. Then we can construct an asymmetric
EAQECC with parameters [[n, κ, δz/δx; c]]q, where n = q2+q+1, κ = n− (dimPRMd1(2)+

dimPRMd2(2)) + c, δz = wt(PRM⊥
d2
(2)), δx = wt(PRM⊥

d1
(2)), and the value of c is:
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(1) If d1 + d2 < 2(q − 1):

c =

{
d1 + 1−min{d1, q − 1− d2} if d2 < q − 1,

d1 + 1 if q ≤ d2.
(2) If d1 + d2 > 2(q − 1):

c =

{
k1 − k2 + d1 + 1 if d1 < q − 1,

k1 − k2 + q + 1−min{d⊥2 , d1 − (q − 1)} if q ≤ d1.
For the general case over Pm, we can find conditions to increase the dimension of the

relative hull. This allows us to construct QECCs without requiring entanglement assistance,
which are less expensive to implement.

Theorem 2.4. Let 1 ≤ d1 ≤ d2 < q− 2 such that d1+ d2 < q− 2. Then we can construct a
quantum code with parameters [[n, κ, δz/δx]]q, where n = qm+1−1

q−1 , κ = n−(dimPRMd1(m)+

dimPRMd2(m)), δz = wt(PRM⊥
d2
(m)) and δx = wt(PRM⊥

d1
(m)).

As seen in [9, 10], some of these results can be generalized to the Hermitian hull and the
corresponding quantum codes obtained with the Hermitian construction.
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BASES DE SAITO PARA UNA CURVA CON UN PAR DE PUISEUX

DAVID SENOVILLA-SANZ

Resumen. Given C a germ of an holomorphic plane curve in (C2, 0) and with one Pui-
seux pair, we present a new approach on the computation of a basis of the module of
holomorphic 1-forms with C as an invariant curve.

Introducción

Dado C un germen de curva plana holomorfa en (C2, 0), esta viene definida por una
ecuación local f = 0, con f ∈ C{x, y} una serie de potencias convergente con coeficientes
complejos. Denotamos por ΩC2,0 el C{x, y}-módulo de 1-formas diferenciales de C2 en el
origen. Decimos que ω ∈ ΩC2,0 tiene la curva C invariante si ω ∧ df = fgdx ∧ dy con
g ∈ C{x, y}.

Consideramos el submódulo ΩC2,0[C] ⊂ ΩC2,0 de 1-formas holomorfas que tienen a C
como curva invariante, en [8] se mostró que se trata de un C{x, y}-módulo libre de rango 2,
una base de ΩC2,0[C] recibe el nombre de base de Saito de la curva C.

Para una 1-forma ω = Adx + Bdy, denotamos su multiplicidad en el origen como
mult0(ω) = mı́n{mult0(A),mult0(B)}. De entre todas las bases de Saito {η1, η2} de C,
podemos considerar aquellas cuyo par de multiplicidades (ν1, ν2) = (mult0(η1),mult0(η2))
cumple que ν1 + ν2 es máximo respecto de todas las posibles bases de Saito de C. Llamare-
mos par de multiplicidades maximales de la curva C al par (ν1, ν2). Se tiene que el par de
multiplicidades maximales de una curva es, salvo permutación, un invariante analítico de
esta, es decir, no varía por cambio de coordenadas holomorfo, ver [4]. Además siempre se
tiene que ν1 + ν2 ≤ mult0(f).

Presentamos aquí un método que permite calcular una base de Saito de la curva C cuando
esta es irreducible y, además tiene un par de Puiseux. Este está basado en el uso de otros
invariantes analíticos de la curva. En particular, se apoya en el denominado semimódulo de
valores diferenciales de C, ver [3].

1. Semimódulo de valores diferenciales

Sea C un germen de una curva plana holomorfa irreducible en (C2, 0). Por el Teorema de
Newton-Puiseux, existe una parametrización primitiva de la curva de la forma:

ϕ(t) = (x(t), y(t)); mult0(C) = mı́n{ordt(x(t)), ordt(y(t))} = n.

El autor ha sido parcialmente financiado por los proyectos españoles PID2019-105621GB-I00 y PID2022-
139631NB-I00; y por la beca predoctoral “Concepción Arenal” de la Universidad de Cantabria y del Gobierno
de Cantabria.
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2 DAVID SENOVILLA-SANZ

Si además suponemos que nos encontramos en coordenadas adaptadas a C, podemos escribir
la parametrización de la siguiente forma:

ϕ(t) = (tn, atm + h.o.t.); a ̸= 0, m > n y n ∤ m.

Simcd(n,m) = 1 y n ≥ 2, decimos que C tiene un par de Puiseux (n,m). Esto es equivalente
a que el semigrupo de C sea Γ = ⟨n,m⟩. Recordamos que el semigrupo de una curva se define
como

Γ = {ordt(h ◦ ϕ) : h ∈ C{x, y}}.
De forma similar podemos definir el semimódulo de valores diferenciales de C como

Λ = {νC(ω) : ω ∈ ΩC2,0}.
Donde νC(ω) := ordt(α(t)) + 1, ϕ∗(ω) = α(t)dt, y ϕ∗(ω) es el pullback de la 1-forma ω por
ϕ(t). Es decir, si escribimos ω = A(x, y)dx+B(x, y)dy, tenemos que

ϕ∗(ω) = (A(x(t), y(t))x′(t) +B(x(t), y(t))y′(t))dt,

con x′(t), y′(t) las derivadas de x(t) e y(t). Se tiene que el semimódulo de valores diferenciales
de una curva es un invariante analítico de esta.

Se cumple que Λ tiene estructura de Γ-semimódulo, o lo que es equivalente, para todo
γ ∈ Γ, λ ∈ Λ, se tiene que λ+ γ ∈ Λ.

Por ser Λ un Γ-semimódulo, existe una única sucesión creciente de elementos de Λ,
(λ−1, λ0, . . . , λs), donde s es minimal con la propiedad de que

Λ =
s⋃

i=−1

(λi + Γ).

La sucesión (λ−1, λ0, . . . , λs) recibe el nombre de base del semimódulo y el índice s se
denomina la longitud de Λ. Para el conjunto de valores diferenciales se cumple siempre que
λ−1 = n y λ0 = m. Llamamos base estándar minimal del módulo de formas diferenciales de
C a una sucesión de 1-formas (ω−1, ω0, . . . , ωs) tales que νC(ωi) = λi para −1 ≤ i ≤ s.

Para −1 ≤ j ≤ s, denotamos por Λj = ∪ji=−1(λi+Γ). A partir de ahora supondremos que
C tiene un par de Puiseux (n,m), es decir Γ = ⟨n,m⟩. Podemos definir los ejes: unj , u

m
j , uj

y ũj con 1 ≤ j ≤ s+ 1, de la siguiente manera
unj = mı́n{λj−1 + nℓ ∈ Λj−2 : ℓ > 0}.
umj = mı́n{λj−1 +mℓ ∈ Λj−2 : ℓ > 0}.
uj = mı́n{unj , umj } y ũj = máx{unj , umj }.

De forma similar describimos los valores críticos: tnj , t
m
j , tj y t̃j con 1 ≤ j ≤ s+ 1 como

t∗j = tj−1 + (u∗j − λj−1), con ∗ = n,m y t0 = λ0.
tj = mı́n{tnj , tmj } y t̃j = máx{tnj , tmj }.

2. Sobre las bases de Saito

Fijado un par (n,m) con 2 ≤ n < m con mcd(n,m) = 1. Dada una función h ∈ C{x, y},
la escribimos de la siguiente forma:

h =
∑

α,β≥0

hαβx
αyβ.
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Definimos el valor monomial de h respecto de n y m como

νn,m(h) := mı́n{nα+mβ : hαβ ̸= 0}.
Si ahora tenemos ω = Adx + Bdy ∈ ΩC2,0, entonces definimos su valor monomial como
νn,m(ω) = mı́n{νn,m(xA), νn,m(yB)}.
Teorema 2.1. Sea C una curva con un par de Puiseux (n,m), y supongamos que nos
encontramos en coordenadas adaptadas respecto de C, entonces podemos encontrar 1-formas
ωs+1 y ω̃s+1 tales que:

1. ωs+1 y ω̃s+1 tienen a C como curva invariante.
2. νn,m(ωs+1) = ts+1 y νn,m(ω̃s+1) = t̃s+1.

Teorema 2.2. Las 1-formas {ωs+1, ω̃s+1} son una base de Saito de la curva C.

El cálculo aproximado de las 1-formas ωs+1, ω̃s+1 se basa en el algoritmo de Büchberger
empleado para obtener una base estándar minimal (ω−1, ω0, . . . , ωs), ver [6]. Decimos apro-
ximado, pues el método solo nos permite obtener una aproximación de los coeficientes de
las 1-formas como serie de potencias formales hasta cualquier orden prefijado.

Procedemos a explicar cómo se calcula una 1-forma que tiene a C invariante y con valor
monomial tns+1 que recordemos que puede ser ts+1 o t̃s+1. Para tms+1 se procedería de forma
similar.

Notamos que existe un único índice −1 ≤ k ≤ s − 1 tal que uns+1 = λs + nℓ = λk +mb.
Escribimos η = xℓωs + µybωk, donde µ ∈ C∗ es la única constante no nula tal que

νC(η) > νC(x
ℓωs) = νC(y

bωk) = uns+1.

Si νC(η) = ∞ entonces C es invariante y, en este caso hemos terminado, pues se cumple
que νn,m(η) = tns+1. Si νC(η) = λ <∞, por definición de base de un semimódulo, podemos
escribir λ = λi + nα+mβ para algún −1 ≤ i ≤ s. Ponemos

η′ = η + µ′xαyβωi,

donde de nuevo µ′ es la única constante no nula tal que νC(η′) > νC(η) = νC(x
αyβωi).

Al igual que antes se sigue teniendo que νn,m(η′) = tns+1. Iterando este procedimiento se
obtiene una 1-forma con el valor monomial tns+1 y la curva C invariante.

Debido a que en general este método puede que no finalice en un número finito de pasos,
no está claro que el objeto ω̂ que se retorna en el límite sea holomorfo o no. Actualmente no se
conocen condiciones que garanticen que el método retorne 1-formas holomorfas, ni tampoco
se sabe si existen casos que en los que se retornen 1-formas no convergentes. No obstante,
aún suponiendo que se obtiene un objeto no holomorfo, por el Teorema de Aproximación de
Artin, ver [1], sabemos que existe una 1-forma holomorfa tan próxima como deseemos a ω̂
con C invariante y el valor monomial deseado. En este caso, la noción de proximidad viene
dada por la topología m-ádica de C{x, y} con m = (x, y).

Sabiendo cómo se pueden calcular 1-formas ωs+1 y ω̃s+1 es posible contruir el siguiente
ejemplo.

Ejemplo 2.3. Consideremos la curva C1 dada por la parametrización

ϕ1(t) = (t7, t36 + t116 + 28/9t196 + h.o.t.),
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y la curva C2 dada por

ϕ2(t) = (t7, t36 + t116 − 4/171t131 + 1/1782t146 − 1/72900t161 + h.o.t.).

Ambas curvas tienen el mismo conjunto de valores diferenciales dados por la base (7,36,123).
No obstante, se tiene que el par de multiplicidades maximales dadas por sus bases de Saito
son (3, 4) y (2, 5) respectivamente. Esto muestra que fijar el semimódulo de valores diferen-
ciales de la curva, no determina el par de multiplicidades.

Para determinar los pares de multiplicidades maximales calculamos, usando el método
anterior, una base de Saito para C1 y otra para C2. En el caso de C1 obtenemos la base
dada por

ω2 = 36x3(7xdy − 36ydx)− 560y3dy; ω̃2 = y3(7xdy − 36ydx)− 80x32dx+ . . . .

En cuanto a la curva C2 obtenemos, por el método anterior, la siguiente base

ω′
2 = (36x3 + y)(7xdy − 36ydx)− 560y3dy; ω̃′

2 = y3(7xdy − 36ydx)− 80x32dx+ . . . .

Donde en ambos casos los puntos suspensivos denotan términos de mayor valor diferencial
que νC(x32dx) = 231. Notamos que la base de Saito de C1 calculada nos da directamente el
par de multiplicidades maximales de C1. Recuérdese que la suma de los elementos del par
de multiplicidades maximales siempre está acotada superiomente por la multiplicidad en el
origen de la curva, en este caso 7.

Por el contrario, la base de Saito calculada para C2 no da su par de multiplicidades
maximales. Para encontrar el par de multiplicidades maximales (2, 5) tomamos base de
Saito {ω′

2, ω̃
′
2 − y2ω′

2} de C2.
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Toric Sylvester forms

Carles Checa*, Laurent Busé†

The elimination of variables from a system of homogeneous
polynomials is deeply connected to the saturation of ideals with
respect to a certain geometrically irrelevant ideal. Thus, the
search and study of universal generators of the saturation of
an ideal generated by generic homogeneous polynomials, such
as Jacobian determinants, is an important topic in elimination
theory. We investigate this question in the general setting of
homogeneous polynomials in the Cox ring of a projective toric
variety XΣ. As our main results, we establish a duality prop-
erty and then we make it explicit by introducing toric Sylvester
forms, under a certain positivity assumption on XΣ. In partic-
ular, we prove that toric Sylvester forms yield a basis of the
graded piece at α ∈ Pic(XΣ) of Isat/I , where I denotes an
ideal generated by n + 1 generic forms, n is the dimension of
XΣ and Isat the saturation of I with respect to the irrelevant
ideal of the Cox ring of XΣ [4, 3]. These results generalize
classical results of Jouanolou in the case where XΣ is a projec-
tive space [6], as well as their extension to the case of a product
of projective spaces by Buse-Chardin-Nemati [1]. Then, to il-
lustrate the relevance of toric Sylvester forms we provide some
consequences in elimination theory. First, we define hybrid
elimination matrices by incorporating toric Sylvester forms in
the classical Macaulay matrices; more generally, from the clas-
sical Koszul complex we obtain a new complex whose deter-
minant of some of its graded pieces is proved to be equal to the
toric resultant in the fashion of Cattani-Dickenstein-Sturmfels
for the Jacobian case [2]. Second, we extend the construction
of hybrid elimination matrices to the case of overdetermined
polynomial systems, providing this way a new family of ma-
trices that can be used for solving such polynomial systems
by means of linear algebra methods. Finally, we explore the
possibility of using toric Sylvester forms for computing toric

residues of product of forms; this is a generalization of a for-
mula due to Jouanolou in the case XΣ is a projective space [6,
5].
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DME
(−)
-SIGN: A NEW DME CRYPTOSYSTEM FOR SIGNATURES

IGNACIO LUENGO, MARTÍN AVENDAÑO, AND PILAR COSCOJUELA

Abstract. The DME cryptosystem is a multivariate post-quantum scheme whose secu-
rity rely on solving a system of polinomial equations of large degree over a �nite �eld of
size q = 2n, where n is a �xed natural number (usually n = 64, 96, 128). The scheme is
obtained by a composition of n-th rounds, each comprising an exponential map and a lin-
ear map. Consequently, the private key is the set of exponential and linear matrices, while
the public key are eight polynomials in Fq[x1, . . . , x8]. A structural attack to the version
1 submitted to the NIST call in 2023, which had three rounds, was found in 2. In this
poster, we introduce a new version that di�ers from the previous in two signi�cant facets.
Firstly, it has an additional round which increase the number of monomials in the public
key. Secondly, only a selectively chosen half of the public key is made public. As a result,
the scheme is no longer injective and thus only suitable for digital signature. On the other
hand, we present a version for Key Encapsulation Mechanism (KEM), achieved by adding
some new polynomials that share support with those derived from the computation of the
public key.

In the section called Con�guration matrices, we give some details related to the con-
struction of exponential matrices endowed with the desired properties to get an e�cient
scheme. A notable feature resides in the con�guration of exponential matrices, which are
4×4 with at most two non-zero entries of the form 2α with α ∈ [0, . . . , n−1] on each row.
Futhermore, the linear maps are 8 × 8 with a 2 × 2 block structure. Finally, we provide
the timings we get for a speci�c instance of the DME(−)-Sign.
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ANALYSIS OF THE CRYSTALS-KYBER IMPLEMENTATION

DIEGO ROJAS RODRÍGUEZ AND LUIS HERNÁNDEZ ENCINAS

Abstract. In this work, we analyze the reference implementation of the post-quantum
cryptographic proposal, CRYSTALS-Kyber, which is the only KEM selected by NIST as
an standard. We pointing out the main differences between the theoretical algorithms
that are part of CRYSTALS-Kyber and its reference implementation.

Introduction

CRYSTALS-Kyber (or just Kyber) is a lattice-based KEM (Key Encapsulation Mech-
anism) whose security relies on the hardness of the Ring Learning With Errors (RLWE)
problem [2]. RLWE is a version of the Learning With Errors (LWE) problem defined on
the polynomial ring Rq = Zq[x]/⟨xn + 1⟩, where n ≤ 256 is the polynomial degree and
q = 3329 = 13 · 28 + 1 is a prime number.

1. Main properties of Kyber implementation

Kyber is composed by two main primitives: a Public Key Encryption (PKE) with its corre-
sponding key generation, cipher and decipher algorithms, and a set of functions that conform
the KEM via the Fujisaki-Okamoto transform [1] resulting key generation, encapsulation,
and decapsulation algorithms. Additionally, PKE uses several functions, among which we
highlight Compress (and Decompress) and NTT (Number Theoretic Transform).
The reference implementation in Kyber’s proposal was done in language C (https://
github.com/pqcrystals/kyber). This decision might be motivated due to C is the fastest
programming language when coding at a low level, even though it may carry some side ef-
fects given the lack of native operations for dealing with polynomials in C. This can be seen
in the poly.h file, where polynomials are defined as 256 indexes of type int16_t, integers
with sign represented in two’s compliment (C2) in range [−215, 215 − 1]. Each number in
this array represents a coefficient of a polynomial of degree between 0 and 255.

The functions Compress and Decompress are defined as follows:

Compressq(x, d) =
2d

q
x mod 2d, Decompressq(x, d) =

q

2d
x mod q,

where q is the prime used in the definition of the ring Rq, d is an integer parameter deter-
mined by the security of Kyber’s implementation and x is the coefficient to be compressed.

El segundo autor ha sido parcialmente financiado por la Agencia Estatal de Investigación
(AEI) del Ministerio de Ciencia e Innovación (MCIN), proyecto P2QProMeTe (PID2020-
112586RBI00/AEI/10.13039/501100011033), cofinanciado por el Fondo Europeo de Desarrollo Regional
(FSE, FEDER y FEDER, UE).

La ponencia en el Encuentro EACA 2024 ha sido presentada por el primer autor.
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2 DIEGO ROJAS RODRÍGUEZ AND LUIS HERNÁNDEZ ENCINAS

Both functions aim to discard some bits of the keys whose influence is negligible, and thus
shortening key size and as they have similar properties, we will focus just on the Compress
function. Some operations, not defined natively in C, needed to be adapted giving raise
to the following disparities: 1) The function compresses all coefficients of the polynomial
instead of doing it individually. 2) Each signed polynomial coefficient is mapped to its
positive representative in pure binary, done efficiently performing the C2 operation to the
negative numbers. This is not a native operation to C (see Figure 1a). Moreover, u is
shifted 15 times to the right, leaving just its sign bit added to the original number. Finally,
the variable is casted to the uint_t type, pure binary. 3) Multiplication by 2d is efficiently
performed by arithmetically shifting to the left d = 4 times. 4) Moreover, q/2(Kyber_Q/2)
is added and later divided by q. This is an integer division that will return the quotient
without decimal part. 5) The resulting number is then operated with an AND (&) with the
number 15 (=1111 in pure binary). The value 15 will just leave the 4 least representative
bits and discard the rest, equivalent to performing the mod 24 operation. The result after
performing one iteration of the loop is equivalent to the function:

poly_compress(x, d) = |x|2
d

q
+
q

2
mod 2d.

Figure 1. Codes of a) poly_compress for Kyber 512, b) the NTT implementation

In addition, it is known that an essential operation and one of the most time consuming
for the RLWE problem is the polynomial multiplication over Rq. To improve its efficiency
the NTT is used. To multiply two polynomials over Rq they are transformed to the NTT
domain, then operated and finally transformed back to the original domain.
We have x256+1 =

∏127
i=0 x

2−ζ2i+1 =
∏127
i=0 x

2−ζ2br7(i)+1, where each ζi represents a 256-th
root of unity and br (bit-reversal) is an operation that inverts the order of the bits in the
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ANALYSIS OF THE CRYSTALS-KYBER IMPLEMENTATION 3

binary representation of the number. In a nutshell, NTT : Rq → Rq is defined as a bijection
over Rq, so that, if f ∈ Rq, then NTT(f) = f̂ = f̂0 + f̂1x+ · · ·+ f̂255x

255, where

f̂2i =
127∑

j=0

f2jζ
(2br(i)+1)j , f̂2i+1 =

127∑

j=0

f2j+1ζ
(2br(i)+1)j .

Therefore, the algebraic expression of f̂ can be reordered as a vector of 128 polynomials
of degree 1: f̂ = (f̂0 + f̂1x, f̂2 + f̂3x, . . . , f̂244 + f̂255x

255). Using the NTT and its inverse,
NTT−1, it is possible to efficiently compute the product of two polynomials in Rq, given
that NTT−1(f̂ · ĝ) = NTT−1(ĥ) = h = f · g, calculated by fixing the following 128 prod-
ucts of polynomials ĥ2i + ĥ2i+1x = (f̂2i + f̂2i+1x)(ĝ2i + ĝ2i+1x) mod (x2 − ζ2br(i)+1). The
implementation of the NTT is shown in Figure 1b, where the roots of unity are previously
calculated and stored in the matrix zetas. It can be appreciated that in the mathematical
definition, as well as in the implementation, the process is iterative.
In Figure 1b, len represents the distance to which the operations are performed, this is
why we define k = 7 − log2(len). Given that len = 27 − k, the further in the process the
smaller is the operating distance. Variable start represents over which index of the vector
len steps are made. As the definition is len plus the last value, 2 · len steps are advanced.
Finally, j represents the index of the vector over which each individual operation is executed,
always between j and j + len. Moreover, fqmul is an efficient implementation of modular
multiplication. These expressions show that, mathematically, the transform is calculated
independently on the parity of the index, whereas in the code len has values between 27

y 21, meaning 7 iterations are performed. The start takes values which are multiples of
len from 0 to 256, meaning the nested loop is executed 2k times for each value of len, that
is,
∑7

i=1
128
2i

= 128127
128 sums 128 roots of unity with the first zeta value. The last loop

performs the multiplication of zeta and the corresponding value r[j + len], in the interval
[start+ len, 2 · len] with len− start iterations. Lastly, the transform adds each value to its
symmetrical over len and subtracts it to the indexed value in the previous step. Figure 2
shows how the loop is executed in the implementation. It can be appreciated how each

Figure 2. Illustration of NTT loop execution

iteration of k is represented with a row and each value of start with a colour. Variable j
would be the one iterating over each colored block, indexing one by one j = j + 1. After
a coloured block, start is increased start = j + len until start = start + 2 · len that will
start the next row. The arrows point which blocks are swapped, for each index i with
its representative in the other block (starting from 0 in each block). Next step would be
proposing a mathematical function that execute the process of the implementation in order
to compare it to the original NTT. Representing each index of the vector by i and each
iteration of the loop by k, knowing that len = 27 − k, we define the auxiliary recursive
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function φi,k as follows.

φi,0 = fi + ζfi+128, 0 ≤ i < 128, φi,0 = fi−128 − ζfi, 128 ≤ i < 256.

φi,k = φi,k−1 + ζ
2k+

i

28−k φi+27−k,k−1, φi,k = φi−27−k,k−1 + ζ
2k+

i

28−k φi,k−1

Finally, the starting call would be f̂i = φi,6. This way the base cases would represent the first
iteration of the loop, when len = 128, and the following iterations, 0 < k < 7, are determined
by their parity in each iteration of start, or start + len. That is i/27−k mod 2 represents
the division of the vector in intervals of length len and the mod 2 indicates whether its the
left or right side. Each of the 128 zeta values is represented given that k and i can be at
most 6 and 255 respectively. The greatest power of ζ would be 26 + 255/4 = 127, covering
all values from 1 to 127 (128 in total). Ultimately, the definition in the code greatly differs
from the original one, mainly because the NTT is performed in the implementation over
the coefficients of the polynomial. This could be one of the main reasons why side-channel
attacks usually target the NTT in Kyber.

2. Conclusions

The differences shown between the mathematical definition, presented in the reference
document of Kyber, and the official implementation, made by the original authors, are non
negligible. These could lead to vulnerabilities that allow side-channel attacks that exploit
them. In this first approach was not feasible to extract all possible vulnerabilities and soft
spots with their possible repercussions. This is a complex topic and exhaustive analysis
is needed to detect these discrepancies in the implementation. In our case, we highlighted
the differences we spotted in our first analysis, emphasizing on the fragments of code that
look more vulnerable, given that the mathematical operations specified in Kyber are far
from simple. As a future line of investigation, we purpose two approaches: 1) analyzing
and comparing the reference implementation of Kyber with the one present in other crypto-
libraries, such as Open Quantum Safe (libOQS), and 2) developing an implementation of
Kyber in interpreted languages, such as Sage or Maple, that permit to carry on some
operations of Kyber in order to solve the discrepancies we spotted. This could even lead
to deprecating the poly_compress and NTT operations by efficient implementations of
polynomial multiplication. Note that it would be necessary to evaluate in terms of efficiency
and security these propositions.
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PUNTOS DE INFLEXIÓN DE SUPERFICIES ALGEBRAICAS, UN
ENFOQUE MODERNO DEL TRABAJO DE GEORGE SALMON. /
INFLECTION POINTS OF ALGEBRAIC SURFACES, A MODERN

APPROACH TO THE WORK OF GEORGE SALMON.

JORGE RODRÍGUEZ PÉREZ

Abstract. Given an algebraic surface in complex three-dimensional projective space and
a line passing through a point on this variety, the order of contact of the line with the
surface can be defined as detailed in the article [2]. We call inflection points the points
on the surface for which there exists a line with an order of contact greater than 3. In
his book “A treatise on the analytic geometry of three dimensions” [3], George Salmon
states that for an algebraic surface of degree d greater than or equal to 3, there exists a
homogeneous polynomial that determines its inflection points. Furthermore, he provides
an algorithm to calculate it which is due to Clebsch [1].

However, Salmon’s construction of this polynomial uses outdated notation, and the
fields of algebraic geometry and resultant theory on which it relies have advanced signifi-
cantly since his time. Although the general idea of the algorithm is mentioned in several
articles, its computation has not yet been adapted to a modern mathematical language.
The objective of this work is to adapt Salmon’s work to a modern notation, emphasizing
which assumptions are necessary to apply the results that Salmon uses.

I started this work with Carlos D’Andrea in the first edition of Barcelona Introduction
to Mathematical Research, summer 2022, and I am finishing it with Philippe Gimenez as
my advisor as the final project of my mathematics studies at the University of Valladolid.
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